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Summary
Specification of total electron content (TEC) over a wide area is important for com­
munications, surveillance and navigation. Established methods use either empirical 
models or two-dimensional mapping. A new technique for imaging the electron den­
sity in the ionosphere is explored. The technique produces four-dimensional images of 
the electron density and is known as MIDAS (Multi-instrument data analysis system). 
In this thesis MIDAS is used with dual-frequency differential-phase observations from 
the Global Positioning System (GPS) to produce images of the electron density over 
Europe.
A short simulation study shows that the MIDAS inversion produces more accurate 
slant TEC estimates than those produced by the two-dimensional mapping, for two 
locations in mainland Europe. A more extensive simulation study includes examples 
representing the ionosphere over an entire year at solar maximum. The results showed 
that the vertical TEC values were always more accurately produced using the MIDAS 
inversion than using the thin shell.
For the experimental case, three different approaches were adopted to assessing the 
images. In the first approach, the GPS data differential-code and differential-phase 
data were calibrated and the resulting slant TEC values were used to assess the images. 
In the second approach, a property of the receiver hardware biases, their stability, is 
exploited as an estimate of the relative accuracy of the MIDAS inversion compared 
to the two-dimensional mapping. In the third approach, a case study, the images 
are compared with measurements from independent instrumentation, the European 
Incoherent Scatter (EISCAT) radar. This showed that the main trough could be imaged 
by the MIDAS technique.
A simple graphical interface to MIDAS was developed for use by non-expert personnel. 
This demonstrates the use of the technique to the industrial sponsor for mapping the 
ionosphere over the European region.
The work of this thesis indicates that a significant improvement in wide-area TEC 
mapping can be achieved by using the new imaging method compared to previous 
techniques. The results have implications for improving the accuracy of satellite navi­
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The ionosphere is the ionised region of the Earth’s upper atmosphere, and is of funda­
mental importance to the understanding of radio propagation involving satellite com­
munications. In particular, radio signals transmitted from Earth orbiting satellites to 
the ground are subject to an unknown time delay as they pass through the ionosphere. 
This unknown time-delay is directly proportional to the amount of ionisation along the 
signal path, known as the total electron content (TEC), and inversely proportional to 
the square of the signal frequency. Thus, for a given TEC value along a particular path, 
signals of higher frequencies will suffer smaller delays than those of lower frequencies. 
This allows TEC to be measured by using two ranging signals of different frequencies. 
If sufficient measurements of TEC are made at the same instant, it is possible to map 
the spatial distribution of the ionisation over a wide geographical area. The Global 
Positioning System (GPS) satellites transmit two phase-coherent ranging signals at 
separate frequencies, and hence they are a convenient source of dual-frequency data for 
TEC mapping.
An established ionospheric TEC mapping method, known as the “Thin Shell” method, 
represents the ionosphere by an infinitely thin shell at a fixed altitude (usually around 
400 km). The main disadvantage of this method lies in the loss of data caused when the 
three-dimensional space of the ionosphere is mapped onto a two dimensional geometric 
space. A new method - the subject of this thesis - is an advanced tomographic algorithm 
that has been extended into four-dimensions.
1
1.1 An introduction to the Ionosphere
The ionosphere is the region of electrically conducting plasma in the Earth’s atmo­
sphere, ranging from approximately 50 km to over 1000 km in altitude. It is formed 
when extreme ultra violet (EUV) radiation and X-rays from the sun ionise the neu­
tral atmosphere. The density at these altitudes is very low, and so electrons and ions 
produced by the ionisation process are free to move around in the plasma, before even­
tually recombining with ions to form neutral atoms. The distribution of the ionisation 
is highly variable, exhibiting both space and time dependencies.
In latitude, the ionosphere displays widely differing characteristics. The equatorial 
ionosphere is characterised by a fountain effect in which free electrons experience a 
strong upwards drift under the influence of the Earth’s magnetic field. This drift, 
sometimes called the E x B drift, redistributes electrons over the equator to higher lat­
itudes up to about 20° north and south. Strong horizontal electron density gradients 
are evident in this region as a result. At mid-latitudes the plasma is driven by neutral 
winds and electric fields, and follows the geomagnetic field lines. Consequently, the 
plasma tends to co-rotate with the Earth. Electron-density gradients tend to be shal­
lower than those of the equatorial ionosphere. The morphology of the polar ionosphere 
is highly complex, being mainly convection driven. The Earth’s magnetic field lines are 
open in this region, leading to coupling between the solar wind and the interplanetary 
magnetic field. Between the polar and the mid-latitude regions lies the auroral region, 
which is characterised by particle precipitation. Longitudinally distributed depletions 
in electron density known as ‘troughs’ are frequently evident in this region.
In the vertical domain, up to four peaks in electron concentration may form at dis­
tinct altitudes in the ionosphere. This is partly due to the fact that the neutral gas 
density decreases with height, so that there are fewer neutral atoms to participate in 
the ionisation process. On the other hand, the intensity of the solar EUV radiation 
increases with height. The depth to which the EUV radiation can penetrate depends 
on its wavelength, and different gas species are ionised more or less strongly by different 
wavelengths of EUV radiation. With the stronger radiation in the daytime, up to four 
distinct layers may form:
• The F2 region: Height about 210 km and above, with electron density peak 
typically in the range 250 - 400 km. The F2 region has the greatest electron 
density and is the most variable. It is composed mostly of atomic oxygen;
• The FI region: Height about 140 - 210 km. It is composed of various molecular 
species;
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• The E region: Height about 90 - 140 km. Typically has three different forms:
— Normal: Due to solar soft X-rays;
— Auroral: Has irregular structure caused mainly by particle precipitation;
— Sporadic E: A thin layer of irregular occurrence.
• The D region: Height about 50 - 90 km. Formed by hard X-rays and Lyman a 
radiation acting on various molecular species.
When plotted as a function of height, the electron density forms a distinct profile, such 
as is shown in Figure 1.1. During the night time, only the F2 region remains, since 
there is no ionising radiation present and the recombination time is longer due to the 
lower density at higher altitudes. The upper limit of the F2 region is generally regarded 
to be the height at which hydrogen ions start to dominate. This region, known as the 
protonosphere, has very low density and may extend to altitudes in the order of 22,000 
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Figure 1.1: Typical form of daytime ionospheric vertical electron density profile.
The diurnal variation of the ionosphere follows a clearly defined pattern. At dawn, solar 
radiation starts to produce free electrons in the ionosphere. The F-region decreases in 
altitude during the morning, and may divide into two electron density peaks known 
as FI and F2. The E and the D regions also start to form at lower altitudes. At 
mid-latitudes, the ionisation reaches a maximum early in the post-noon period. As the 
afternoon progresses, recombination and other electron-loss processes start to dominate 
as the intensity of the ionising radiation decreases. After local sunset, the D, E and FI
3
regions become insignificant, but the F2 region rises to higher altitudes and remains 
present throughout the night.
In the longer term, the ionosphere is subject to seasonal changes due to variations 
in the solar zenith angle. This would lead to the expectation of an overall increase in 
ionisation during the summer months. However, this is not necessarily the case, as there 
are also seasonal variations in the composition of the neutral atmosphere. In addition, 
the Sun undergoes a cyclic rise and fall in intensity, lasting, on average, approximately 
11 years, although it can vary in length from 9 to 14 years. At solar maximum, the Sun 
emits a greater intensity of radiation and causes enhanced electron concentration in 
the ionosphere. Thus the long term temporal variability of the ionosphere is complex, 
and the reader is referred to McNamara (1991), Hargreaves (1992) and Davies (1990) 
for further information.
To radio signals, the ionosphere is a refractive medium, with the index of refraction 
being dependent upon the amount of ionisation present. Signals incident upon the 
ionosphere are subject to time delay, phase advance, refraction, reflection and rotation 
of the electric field vector (Faraday rotation) in inverse proportion to the square of their 
frequency. The ionosphere is therefore said to be dispersive, with these effects tending 
to be stronger at lower frequencies. For example, when signals in the frequency range 
3 - 3 0  MHz (termed High-Frequency, HF) are obliquely incident upon the ionosphere, 
they are refracted and arrive back on the ground several hundred kilometres from where 
they originated. This effect was first demonstrated by Marconi in his 1901 experiment, 
in which he successfully transmitted a signal from Poldhu, UK, to St. Johns, New­
foundland. Since then the ionosphere has been widely exploited as the propagation 
medium for worldwide HF communications. Signals at Very High Frequency (VHF - 
over 30 MHz) and above are less strongly affected by the ionosphere. Above about 
100 MHz, radio signals pass through the ionosphere with relatively little absorption. 
Further details on the ionospheric effects on radio signals can be found in Davies (1990).
1.2 Project Objectives
The aim of this work is to evaluate a new multi-dimensional inversion technique that 
uses GPS data to map the spatial distribution of ionisation in the ionosphere over a 
wide geographical area. The parameter of interest is the TEC, which is defined as 
the integrated value of the electron concentration along a column of unit cross section. 
The process of mapping the ionisation in the ionosphere is therefore known as TEC 
mapping.
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The main objectives of this project are:
• To compare thin shell and advanced tomographic inversions by simulation;
• To assess the quality of the advanced tomographic inversion method experimen­
tally;
• To verify the advanced tomographic inversion method using independent instru­
mentation;
• To develop a simple user interface to the advanced tomographic algorithm.
1.3 Thesis overview
The measurement of the ionosphere used this project is the total electron content 
(TEC), which is defined at the start of Chapter 2. TEC is easily measured by range 
measurements through the ionosphere on two phase-coherent signals of different fre­
quencies. A convenient source of suitable signals is the GPS system. Accordingly, a 
presentation of the GPS system is then given in Chapter 2, starting with a descrip­
tion of space, control and user segments, followed by the signal generation system. A 
brief discussion on the typical positioning accuracy that can be expected from GPS 
is also presented, and the method of determining a user’s position is outlined. Chap­
ter 2 continues with descriptions of two independent instruments that are also used 
in this project. The first is the ionosonde, which is a ground-based vertically looking 
radar capable of measuring the maximum frequency that will be returned from the 
ionosphere. The second independent instrument is the European Incoherent Scatter 
Radar (EISCAT) radar system at Tromsp, Norway, from which independent data was 
obtained for verification purposes. An ionosonde that is co-located with the EISCAT 
radar was used to calibrate the radar data.
Methods of measuring and mapping TEC are discussed in Chapter 3. A general discus­
sion on some applications of TEC mapping is given. Remote sensing techniques have 
also enabled the development of empirical models of the ionosphere, and a few of these 
are outlined. The TEC measurement is then developed, starting from the Appleton- 
Hartree equation. The thin shell method of mapping TEC is presented, and some of its 
shortcomings are discussed. An introduction to tomography is then presented, and its 
application to ionospheric imaging is discussed. A new 4-dimensional imaging method 
developed from 2-dimensional tomography, known as Multi Instrument Data Analysis 
System (MIDAS), is introduced, and the MIDAS algorithm is described. In the final 
section, a description of how the MIDAS algorithm is applied in this project.
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A preliminary study based on a simulated ionosphere is described in Chapter 4. The 
purpose of this study was to compare the ionospheric determination of the full 4- 
dimensional MIDAS inversion with the established method based on a thin shell geom­
etry. Using a minimal network of GPS receivers in Europe, reconstructions for three 
days were made using both methods. Two test locations in Europe were chosen to rep­
resent GPS single frequency users requiring an ionospheric position correction. It was 
found that the MIDAS inversion method consistently led to smaller position errors for 
the single-frequency user. This helped to provide the impetus for further investigation.
In Chapter 5, results from a long-term study using both simulated and real ionospheric 
measurement data are presented. A network of ground-based GPS receivers in Europe 
has been selected for both the simulated and the experimental cases. Twenty-five days 
were chosen from the year 2001 on the basis of at least one geomagnetically quiet and 
one geomagnetically active day per month. In the simulated case, a model ionosphere 
for each day was produced using the International Reference Ionosphere 1995 model 
(IRI-95), and inversions were made using the thin shell and the full MIDAS inversion. 
The resulting vertical TEC maps were compared with the vertical TEC distribution in 
the original model. Vertical TEC residuals for both methods were plotted as contour 
plots to show the spatial variation of the errors. Examples are presented for one of 
the 25 days. The errors were also plotted as the mean residual TEC for each hour 
of the 25-day data set. It was found that, in general, the vertical TEC errors in the 
thin shell cases were about three times as large as those in the full inversion. In the 
experimental case, the measured slant TEC was compared with the slant TEC through 
the full inversion, and error statistics are presented for all 25 days.
In Chapter 6, the experimental work of Chapter 5 is extended by exploiting the stabil­
ity of the receiver hardware biases as an indirect measure of the TEC error. Three days 
in July 2000 were chosen, with geomagnetic conditions ranging from quiet to very dis­
turbed. In the cases examined, it was found that the full inversion (MIDAS) approach 
gave an improvement over the thin shell for TEC mapping.
Images generated by independent instrumentation are compared with MIDAS-generated 
images in Chapter 7. The EISCAT radar at Tromsp, Norway, was operated in January 
2002 to produce images of the winter-time ionosphere over northern Scandinavia. These 
were then compared with electron-densities generated by the MIDAS algorithm, using 
as input only GPS data from a network of receivers in Europe. A description of the 
EISCAT experiment is given, and images presented showing the southerly migration 
of the dayside trough. Importantly, a close correspondence in the trough location and 
shape can be observed between the radar images and the GPS images.
A design for a graphical interface for the MIDAS software is presented in Chapter 8.
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This was requested by the industrial sponsor as a simple method of presenting iono­
spheric delay data to a non-expert user. A 7-band classification of the TEC at a given 
location in Europe, and at a specified time on a particular day was devised. The clas­
sification makes use of the statistics of TEC for the previous 30 days at that particular 
time of day. A simple interface informs the user if the TEC was anomalously low or 
high.
In Chapter 9, the work of the main results chapters is drawn together, and some general 
conclusions on the work as a whole are given. Possibilities for the future direction of 
the work are discussed.
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Chapter 2
M easurem ent techniques and 
instrum entation
Abstract
TEC is the fundamental measurement of the amount of ionisation in the ionosphere. 
In the first section of this Chapter, TEC is defined as the integrated value of electron 
concentration along a path of unit cross section through the ionosphere. Descriptions 
of the instruments used in this project to measure TEC follow, beginning with the 
GPS system. The process of computing the user’s position using measurements of the 
satellite to receiver path lengths is also outlined. This is followed by a description 
of the ionosonde, which is a simple radar that determines the height of the reflecting 
layers in the ionosphere. Finally, the European Incoherent Scatter (EISCAT) radar 
system is described in outline. Data from the EISCAT radar are used in this project 
for independent verification of the GPS images. The radar data were calibrated using 
data from a co-located ionosonde.
2.1 Total Electron Content (TEC)
Knowledge of the distribution of the ionisation can be used to determine the propa­
gation characteristics of a signal path and mitigating the environmental effects of the 
ionosphere. An important parameter from which the amount of ionisation can be in­
ferred is the total electron content (TEC), which is defined as follows. It is assumed 
that a transmitter is mounted on a satellite in orbit above the ionosphere, and a receiver
is situated on the Earth’s surface. Then the TEC, 7, is defined as the total number of 
electrons in a column of unit cross section from the transmitter to the receiver, i.e.,
I  = J  N(R,Q,A).dl  ( electrons m'2 ) (2.1)
where N  is the electron concentration in electrons m"3, R  is the radial distance from 
the centre of the Earth, © is geographical latitude, A is geographical longitude, and I 
is the distance along the signal path from the satellite s to the receiver r. TEC may be 
expressed as the direct slant path between a transmitter and a receiver (sTEC), or an 
equivalent vertical TEC between a point on the Earth’s surface and its zenith (vTEC). 
In either case, TEC is expressed in TEC units (TECu), where 1 TECu is equivalent
1C n ic n
to 10 electrons m" . Observed values of TEC range from about 10 electrons m up 
to 1019 electrons m '2 (J. A. Klobuchar, in Parkinson et al (1996)). It is important to 
note that single TEC measurements contain no information about the distribution of 
the electron concentration along the path.
In the past, TEC has been measured using the Faraday rotation of signals from geosta­
tionary satellites (see, for example Titheridge (1972)), and a database of TEC measure­
ments by Faraday rotation is now in existence (Davies and Hartmann, 1997). However, 
a problem associated with TEC measurements made by Faraday rotation is that nei­
ther the initial direction of the electric field, nor the number of cycles of rotation are 
known (Davies, 1990). It is now more usual to infer TEC from the dispersive effect of 
the ionosphere on dual-frequency signals.
The Navy Navigation Satellite System (NNSS) and the GPS satellites offer suitable 
signals for this purpose. The NNSS satellites are in polar orbits at an altitude of about 
1100 km, and transmit two phase-coherent signals on 150 MHz and 400 MHz. The 
GPS satellites orbit at altitudes of about 20200 km, and transmit two phase-coherent 
signals at L-band frequencies of 1575.42 MHz and 1227.60 MHz, known respectively 
as LI and L2. The carrier frequencies used by GPS system are sufficiently high for 
the effects of ionospheric absorption and the Earth’s magnetic field to be ignored. A 
detailed description of the GPS system is given in the next section.
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2.2 The Global Positioning System  (GPS)
2.2.1 An introduction  to  G PS
The Global Positioning System (GPS) is a satellite-based navigation and positioning 
service providing users with a worldwide high accuracy positioning capability in three 
dimensions, together with time and velocity determination. It is operated by the US 
Department of Defense (DoD), and became fully operational in July 1995. Two levels of 
service are offered: the Precise Positioning Service (PPS), and the Standard Positioning 
Service (SPS). The PPS is encrypted, and is primarily intended for US armed services 
and government agencies, whilst the SPS is available, at reduced accuracy, to civil users 
worldwide. Initially, the accuracy of the SPS was further degraded by a policy known 
as Selective Availability (SA). However, a massive increase in civilian demand for GPS 
products led the US government to switch off SA in May 2000.
The GPS system consists of three main segments: the space segment; the Operational 
Control Segment (OCS); and the user segment. In the space segment, there are at least 
24 satellites, similar to the one illustrated in Figure 2.1, arranged in six orbits. Four 
operational satellites occupy each orbit, and additional satellites fly as spares. The
Figure 2.1: A GPS Block II satellite (source: www.fas.org)
orbits are inclined at 55° to the equatorial plane, and have a radius of approximately 
26,600 km, giving an orbital period of one-half sidereal day ( llh  58min). This orbital 
arrangement seeks to ensure that there are at least four satellites in view from any 
point on the Earth’s surface. The satellites continuously broadcast time and ranging 
signals on two separate carrier frequencies of 1575.42 MHz and 1227.60 MHz, known 
respectively as LI and L2.
The satellites are continuously monitored by the ground-based OCS, which manages
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the tracking, telemetry and control functions. These include maintenance of station 
keeping, updating the ephemeris and almanacs, and monitoring system health. Since 
the satellite clocks are all free running, an important function the OCS is to maintain 
the synchronism of the satellite clocks to GPS system time, which is referenced to UTC 
maintained by the US Naval Observatory.
The user segment is the community of users, both military and civil, equipped with 
GPS receivers that receive and process the L-band signals transmitted by the satellites. 
There are two types of receiver: dual frequency and single frequency. Dual-frequency 
receivers are able to track both the LI and the L2 frequencies simultaneously, and can 
be further categorised as military or commercial. Military receivers have access to a 
classified algorithm that enables them to recover the encrypted PPS ranging codes with 
the high dynamics necessary for applications such as aircraft navigation. Commercially 
available dual-frequency receivers do not have this ability, and so have to resort to 
codeless techniques to recover the PPS ranging codes. They are nevertheless capable 
of very high accuracy, but at the expense of protracted measurement times and high 
capital cost. Single-frequency receivers track the LI frequency only, and recover the 
SPS ranging codes. They are considerably less expensive than dual-frequency ones, but 
are not capable of achieving the precision of dual-frequency receivers.
2.2 .2  G P S signal generation
The GPS signals are derived from a master frequency reference of 10.23 MHz, with 
a stability of about 1 part in 1013. Figure 2.2 shows the principal signal paths in 
a GPS Block II satellite. The master clock signal is multiplied up to produce two L- 
band carrier frequencies of of 1575.42 MHz and 1227.6 MHz. The navigation message is 
modulated onto both carriers with a data rate of 50 Hz, using binary phase shift keying 
(BPSK). The resulting signals are then spread using two different pseudo-random noise 
(PRN) codes, prior to final radio frequency (RF) amplification and transmission.
The two PRN codes are digital sequences that exhibit some of the characteristics of 
gaussian white noise, but are entirely deterministic. They are known as the ‘Precise’ 
(or ‘P ’) code and the ‘Coarse Acquisition’ (or ‘C /A ’) code. The P-code has an effective 
wavelength of 30 m, and simultaneously modulates the LI and the L2 carriers. The 
PPS is delivered through the P-code. The public C/A-code has an effective wavelength 
of 300 m and modulates the LI frequency only, in quadrature with the P-code mod­
ulation. The SPS is delivered through the C/A-code. Each satellite is identified by 
a unique PRN code, which it transmits together with a time-stamped ranging signal 
and a navigation message containing data about the satellite’s position, clock offset
11
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Figure 2.2: A simplified block diagram showing the principal signal paths in a GPS 
Block II satellite.
and health. A policy known as ‘anti-spoofing’ (AS) is implemented on the P code by 
modulating it with an encrypted code known as the ‘W’ code, which is believed to 
have a chipping rate of 511.5 kHz. The resulting code, known as ‘P(Y)’, is then modu­
lated onto the two carrier frequencies. The intention of AS is to prevent the malicious 
‘spoofing’ of the GPS ranging signals to mislead legitimate users of the PPS.
2.2.3 P osition ing accuracy
The precision of the GPS navigation solution is limited by timing errors, ephemeris 
prediction and propagation errors1. These error terms are often lumped together and 
expressed as a factor, called the user equivalent range error (UERE). Typical values are 
listed in Table 2.1, from which it can be seen that the main limitation to the positioning 
accuracy of civil (single-frequency) GPS is due to the unknown time delay through the 
ionosphere.
The majority of the ionospheric delay affecting the L-band GPS signals during the 
daytime is due to the F2 region (between 250 and 400 km in altitude). When present, 
the FI region (about 200 km) contributes up to 10% of the GPS signal delay. The E
^ o r  an unam biguous position  fix range m easurem ents to  a m inim um  o f four sa te llites axe required. 
H ence there is also uncertain ty  associated  w ith  the satellite-receiver position ing. T h is geom etric un­
certainty is known as d ilu tion  of precision (D O P ). Since D O P  is determ ined ind ep en dently  of the  
propagation characteristics o f the signal path , it is outside th e  scope o f th is project, but further infor­
m ation  can be found in K aplan (1996).
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Frequency standard stability 6.5 6.5
Satellite acceleration uncertainty 2.0 2.0
Other (thermal radiation, etc.) 1.0 1.0
Control
Ephemeris prediction 8.2 8.2
Other (thrusters performance, etc.) 1.8 1.8
User
Ionospheric delay 4.5 9.8 - 19.6
Tropospheric delay 3.9 3.9
Receiver noise and resolution 2.9 2.9
Multipath 2.4 2.1
Other (inter-channel bias, etc.) 1.0 1.0
Total rms system UERE (metres) 13.0 15.7 - 23.1
Source: N avstax G P S  U ser E qu ipm ent In trod uction , pu b lic  release version , Septem ber
1996, pu blished  by th e  N avstar G P S  Joint Program  O ffice. P D F  file dow nloaded  from  
h ttp : //g p s .lo sa n g e le s .a f.m il/ , 5 th  D ecem ber 2003.
region (about 100 km) has minimal effects on GPS signal delay, although the irregular 
structure associated with auroral E-region activity can cause minor scintillation effects 
on GPS signals. The D region (about 80 km) has no measurable effect on GPS signals. 
At night, only the F2 region remains, and TEC levels fall to about 3 TEC units 
(equivalent to about 1 ns delay) in middle latitudes. The protonosphere is thought 
to contribute up to 10% of the daytime delay and up to 50% of the night time delay, 
although further study of the protonosphere is outside the scope of this project. Large 
vertical TEC values in excess of 220 TECu were recorded by Yin, et al. (2004) over the 
south-eastern United States during the storm of 15th July 2000 . This is approximately 
equivalent to an excess path length of 35 metres on the GPS LI frequency (1575.42 
MHz).
Dual-frequency GPS receivers can estimate the ionospheric delay directly by comparing 
the P-code delays on the LI and L2 frequencies. Since single-frequency receivers track 
only the C/A-code on the LI frequency, they cannot measure the ionospheric delay 
directly. Usually, a mathematical algorithm programmed into the receiver’s firmware 
is used to estimate the ionospheric delay. A commonly used algorithm for this purpose 
is due to Klobuchar (1987). Alternatively, the ionospheric delay can be estimated by 
external means and a correction applied to the position solution through a data link 
to the receiver.
One approach to the problem of estimating the ionospheric delay uses one or more
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reference GPS receivers that are fixed in precisely surveyed positions. The reference 
receivers compute the error by differencing their known and measured positions, and 
broadcast correction messages to nearby users on a separate radio frequency. Such 
an approach is known as Differential GPS (DGPS), and can provide improvements in 
positioning accuracy, provided that users are not more than a few tens of kilometres 
from the nearest reference receiver. However, a serious disadvantage of DGPS is that 
the positioning accuracy degrades significantly as the distance between the users and 
the reference receiver increases, making DGPS suitable only for small coverage areas 
such as harbour approaches.
An extension to DGPS uses data from a widely distributed network of reference re­
ceivers to map vertical TEC over a wide geographical area. Since TEC is proportional 
to time delay, mapping TEC in this way is equivalent to mapping the distribution of the 
ionospheric time delay for single frequency GPS users. Such an approach is currently 
operational in the United States as a wide-area correction system for satellite-based 
civil aircraft navigation. A similar system is under development in Europe, and other 
regions are considering the development of similar systems. The vision is that satellite- 
based navigation would eventually replace the existing global network of ground-based 
HF and VHF based radio navigation aids for all phases of flight. The reduced re­
liance on ground-based equipment opens up the possibility of making blind landing 
approaches at any airfield.
2 .2 .4  U ser p o sitio n  determ in ation  by G P S
A GPS receiver computes the user’s position by measuring the lengths of the paths from 
at least four satellites to the receiver’s antenna. The length of a satellite to receiver path 
is estimated by measuring the propagation time of the L-band signal. The navigation 
message contains the current position of the satellite and a time stamp indicating the 
time at which the signal left the satellite. The receiver internally generates copies of all 
the satellites PRN codes and cross-correlates each of these with the PRN codes received 
from the satellites in view. By differencing the time stamp and the receiver’s internal 
time the propagation time of the signal, and hence the path length, can be computed.
Assuming perfect time synchronisation between the receiver clock, satellite clocks and 
the GPS system time a minimum of three observations to separate satellites, giving 
a system of equations in x , y and z, is necessary for an unambiguous position fix. 
Since receivers generally use a simple quartz clock, there are significant offsets of the 
receiver clock from GPS system time. The satellite clocks, being free running, also 
drift from GPS system time, but these are monitored and corrected by the OCS and
14
can be assumed to be an accurate representation of GPS time. An observation to a 
fourth satellite is therefore necessary, leading to a system of four linear equations in 
four unknowns (latitude, longitude, height, and receiver clock offset from system time). 
The solution to these equations is known as the navigation solution.
Ignoring all error terms except the satellite and receiver clock offsets, the navigation 
solution can be developed as follows (Kaplan, 1996). The positions of the satellite and 
the user’s receiver are defined with reference to an Earth-centred Earth-fixed (ECEF) 
co-ordinate system, centred at the centre of mass of the Earth. The -t-z-axis is coinci­
dent with the equatorial plane, and points in the direction of 0° longitude; the + 2 -axis 
coincides with the spin axis of the Earth, and points in the direction of the North Pole; 
and the -f y-axis completes the right-hand reference frame by pointing in the direction 
of 90° east.
Referring to Figure 2.3, let u be the vector representing the user’s position, which is 
unknown, and s be the vector representing the satellite’s position. Assume that s has 
been computed from the ephemeris data transmitted by the satellite. Then the vector
U s e r
GPS
sa te l l i te
Earth
Figure 2.3: Range, user and satellite position vectors.
r is the true geometric range vector from the satellite to the user’s receiver, and can 
be written
r = s — u (2.2)
The geometric range is the magnitude of r, i.e. ||r|| =  ||s — u||. Let p denote the true 
geometric range, so that
P =  \J ( x s ~  xu ) 2 +  (Vs -  Vu)2 +  ( zs -  zu)2 (2.3)
In the absence of clock-offset errors, the true geometric range p from receiver r to 
satellite s can also be expressed as
p = c(Tr - T s) (2.4)
where c is the speed of light in a vacuum, Tr is the time at which the signal reached
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the receiver, Ts is the time at which the signal left the satellite. However, since the 
satellite and receiver clocks are free running, they are offset from GPS system time by 
different amounts. Suppose that the satellite clock is offset from GPS time by 8ts and 
the receiver clock is offset by 8tr . Then the pseudorange, p, is the true geometric range 
that has been biased by clock, propagation and hardware errors, and is given by
p = c [(Tr +  Str) — (Ts +
=  c(Tr -  Ts) +  c(8tr -  Sts)
=  p + c(8tr - 8 t s) (2.5)
The value of the satellite clock offset, 8ts, can be assumed to be correct since it is 
determined by the OCS, and corrections are included in the navigation message. Thus 
ignoring 8ts, Equation 2.5 above becomes
p = p + c8tr (2.6)
Hence the pseudorange from satellite s to receiver r can be written
P s r  =  \ J ( x s  X r )  ~b (Us Ur)  “b (zs Zr ) +  c8tr ( 2 - 7 )
To determine the user’s position and clock offset, pseudorange measurements to four 
separate satellites are required. This gives a system of four equations,
p Slr = }J(x8l -  xr)2 +  (ySl -  yr )2 + (zSl -  zr)2 +  c8tr
P s 2r = V (^S2 -  x r ) 2 + (Vs2 -  V r ) 2 + (zS2 -  Zr)2 + c8tr
/---------------------------------- (2.8)
P s z r  =  V  ( X S3 ~  X r f  +  ( y S3 ~  V r ) 2 +  ( * s 3 ~  z r ?  +  c 8 t r
P s 4r =  \ j ( Z s 4 ~  x r ) 2 +  {Vs4 ~  V r ) 2 +  ( ^ s 4 ~  z r f  +  c 8 t r
which must be solved for x r , yT, zr and 8tr. Hofmann-Wellenhof et al (2001) and Ka­
plan (1996) describe approaches for solving these that use analytical methods, iterative 
techniques based on linearisation, or Kalman filtering.
2.3 Ionosondes
An HF signal propagating through the ionosphere encounters layers of ionisation, which 
act like a mirror and reflects the signal back down to the ground. The height of the 
reflecting layer is termed the “virtual height”, h', to convey the fact that the apparent 
reflection is really a refraction through layers at some height hr , the real height (see
Figure 2.4). The time taken for the signal to make the round trip depends on the virtual
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height of the reflecting layer. For a signal at vertical incidence this can be found from 
the relation h! — ct/2. Higher frequencies penetrate further into the ionosphere before
. . . A pparent path
Actual path /
Ion osp here
R xT x Earth
Figure 2.4: Definitions of virtual height (h') and real height (hr ) of a reflecting layer 
for an HF signal transmitted at oblique incidence.
being reflected. If the frequency of the signal is increased, a “critical frequency” / c, is 
reached above which the signal passes through the ionosphere and out into space.
The ionosonde is one of the simplest instruments for direct measurement of the iono­
sphere. It measures the virtual height of the reflecting layers by transmitting pulses of 
radio energy vertically upwards and measuring the time t taken for the pulse to return. 
Successive pulses are transmitted at increasing frequencies. If the frequency is plotted 
against virtual height, the heights of the reflecting layers and the maximum frequencies 
associated with them can be deduced. Such a graph is called an ionogram, an example 
of which is shown in Figure 2.5. The maximum electron density, Nm, in a reflecting 
layer can then be found using the approximation
f c (MHz) « 9 x  10 ~6\/iV™ [ electrons in 3 ] (2.9)
A similar technique can be used to observe the topside ionosphere from satellites or­
biting above the ionosphere.
Ionosondes have a long and venerable history. In his Nobel lecture of 12th December 
1947, Sir Edward Appleton describes an experiment that he carried out in 1924 using 
the BBC transmitter at Bournemouth and a receiver at Oxford to estimate the height 
of a reflecting layer. Experiments of this type were continued during the 1920s, notably 
by Breit and Tuve, and it was during this period that the modern ionosonde was born. 
Thus some ionosonde sites have been recording data since the 1930s.
Despite the wealth of ionosonde data available, ionosondes suffer from two major disad-
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Figure 2.5: An example of a simple ionogram.
(source: h ttp ://w w w .w d c .r l.a c .u k /io n o so n d es/io n o g ra m J n terp reta tio n .h tm l)
vantages: they can only monitor the local ionosphere directly above their geographical 
position; and they can only observe up to the height of the F2 region peak density (the 
“bottomside”). They therefore do not give any direct information on the structure of 
the topside ionosphere, although some researchers have reported using ionosondes to 
infer topside ionisation, and hence TEC (see, for example, Reinisch et al. (2001)).
2.4 Incoherent sca tte r  rad ar
Incoherent Scatter Radar (ISR) is a ground-based remote sensing technique for observ­
ing the Earth’s near-space environment. It has developed into a powerful tool capable 
of measuring many of the properties of the ionosphere and neutral atmosphere. It 
offers two main advantages over the ionosonde (see section 2.3): it can observe the 
ionosphere above and below the electron density peak simultaneously, and it achieves 
better spatial resolution due to the narrow beam produced by the antenna, which is 
large relative to the radio wavelength (Hargreaves, 1992).
In common with any radar system, ISR emits a pulse of radio energy of known frequency
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and receives echoes from targets in the path of the pulse. The difference between 
surveillance radar and ISR is that where the former detects a discrete target such as 
an aircraft, the latter receives returns from ion-acoustic waves of free electrons in the 
atmosphere. Consequently, the returns are very weak. This means that ISR requires 
large antennas, high transmitter power, highly sensitive receivers and sophisticated 
signal processing.
The radar returns are due to the motion of free electrons, and consist of spectral lines 
offset from the transmit frequency by an amount proportional to the electron velocity 
along the line of sight of the observation. The resulting data can be displayed as the 
ion-acoustic spectra shown in Figure 2.6.
  P la sm a  lin es
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E -reg io n
Figure 2.6: Ion-acoustic spectra from E and F regions.
The F-region return is due to scattering from random ion-acoustic waves, since the 
density of the plasma is relatively low. The up-going and downward-going ion-acoustic 
waves appear as a double peak in the ion line. In the E-region, the neutral gas density 
is much greater and so reflecting structures are more closely packed and ion-acoustic 
waves are unable to propagate. Consequently, the radar is unable to resolve individ­
ual structures and the ion line exhibits a single peak (Rishbeth and Williams, 1985). 
Figure 2.7 summarises some of the information that can be measured by incoherent 
scatter. Further background on incoherent scatter techniques is presented by Beynon 
and Williams (1978), and a description of the EISCAT radar and its early results is 
given by Rishbeth and Williams (1985).
Electron density data from the EISCAT radar has been used in this project for indepen­
dent verification purposes, as described in Chapter 7. The EISCAT radar is situated 
at three sites in northern Scandinavia:
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Figure 2.7: Parameters that can be measured by incoherent scatter radar.
• Troms0, Norway: 69.58°N, 19.22°E.
• Kiruna, Sweden: 67.86°N, 20.43°E.
• Sodankyla, Finland: 67.36°N, 26.62°E.
The two transmitters are both located at the Troms0 site, which is illustrated in Figures 
2.8 and 2.9. The VHF transmitter operates at about 224 MHz, and its two klystrons are 
capable of developing peak powers in the order of 3 MW. The VHF antenna is a section 
of a parabolic cylinder measuring 120 metres by 40 metres overall, and is steerable in 
the geographic meridian from 30° North elevation to 60° South elevation. The UHF 
transmitter is centred on a frequency of about 930 MHz, with a bandwidth of about 8 
MHz. The peak operating power of the UHF system is in the order of 1.3 MW. A 32 
metre diameter fully steerable dish antenna of the parabolic cassegrain type is provided. 
Receivers for both systems are dual-conversion types linked to a sophisticated signal 
processing system. The Kiruna and Sodankyla sites have no transmit capability, but 
are able to operate in tristatic mode with the receivers at Tromsp. Receiver gating in 
tristatic mode is controlled using GPS timing signals. A dynasonde is also situated at 
the Tromsp site. This is frequently used to calibrate the electron density data obtained 
from the radar. In addition to the three sites mentioned above, there is also a newer 
facility operational at Longyearbyen on Svalbard.
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Figure 2.8: The EISCAT transmitter site, Troms0, Norway, showing the main trans­
mitter hall and the UHF antenna.
Figure 2.9: The EISCAT VHF radar antenna at Troms0.
2.5 Sum m ary
In this Chapter, TEC has been defined as the integrated value of electron concentration 
along a path of unit cross section through the ionosphere. Three different ionospheric 
measurement techniques and their instrumentation were then described. The first 
was the Global Positioning System (GPS), which is a satellite based navigation and 
timing system owned and operated by the United States government but available for 
public use. An overview of GPS was given, which was followed by a description of 
how the user’s position is determined. The second instrument to be described was 
the ionosonde, which is a simple radar that determines the height of the reflecting 
layers in the ionosphere. Lastly, a brief description of the European Incoherent Scatter 
(EISCAT) radar system was given.
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Chapter 3
M easurem ent and m apping of 
Total Electron Content
A bstract
In this Chapter, an introduction to TEC measurement and mapping is presented. The 
concept of TEC mapping is introduced in the first section, and some of its applications 
are discussed. These include: aircraft navigation; design and analysis of communica­
tions systems; and scientific research into the properties of the ionosphere. Ionospheric 
modelling is also introduced, and examples of some common models are presented. 
The development of the TEC measurement from dual-frequency GPS ranging measure­
ments is given. Dual-frequency code-range TEC measurements are absolute, but noisy, 
whereas dual-frequency carrier-phase measurements possess low noise but are offset by 
an unknown integer-cycle ambiguity. The calibration of carrier-phase measurements 
to code-range measurements to produce a TEC measurement that is both smooth and 
absolute, is discussed. Two methods of mapping TEC over a wide geographical area are 
then introduced. The first is a well established method that represents the ionosphere 
as a thin shell. The second is a novel approach developed from 2-dimensional tomog­
raphy, capable of producing movies showing the time evolution of the vertical TEC 
over a wide area. In the final section, a general description is given of the procedure 
adopted in this project to construct maps of ionospheric TEC using the two methods. 
The process of computing and removing the receiver and satellite inter-frequency biases 
is also explained.
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3.1 Ionospheric observation and TEC measurement
In this section, the concept of, and approaches to, TEC mapping are introduced. Some 
applications of TEC mapping are suggested. In particular, the role of TEC mapping in 
computing ionospheric delay corrections for single-frequency GPS aircraft navigation is 
discussed, and a brief description is given of some efforts currently being undertaken to 
implement this. Other applications discussed include the use of TEC mapping in the 
design and analysis of radio communication systems, and in pure scientific research. 
Finally, the role of analytic models is discussed, and examples are presented.
3.1.1 T E C  m apping and its  app lications
In Chapter 2, TEC was defined as the integrated value of electron concentration along 
a path of unit cross section between a satellite and a receiver. It is easily measured 
using differential ranging measurements on two separate frequencies, and permits the 
magnitude of the ionospheric signal delay at a single frequency to be estimated. The 
GPS satellites provide a convenient source of phase-coherent signals on two separate 
carrier frequencies that can be used to measure TEC. If a sufficient number of slant 
TEC measurements are made from a widely distributed network ground-based GPS 
receivers to the satellites in view, a map showing the horizontal distribution of the 
vertical TEC can be plotted. The ionospheric delay on paths between arbitrary points 
on (or near) the Earth’s surface and points in space could then be computed.
In this project, two approaches to TEC mapping by direct measurement are com­
pared. The first is the widely-used “Thin Shell” algorithm, described by Lanyi and 
Roth (1988), in which the ionosphere is represented by an infinitely thin shell at a fixed 
altitude near the F2 electron-density peak. The thin shell algorithm maps slant TEC 
measurements to the equivalent vertical TEC at the point of intersection of the mea­
surement with the shell, using a geometric function of the elevation angle. Slant TEC 
on arbitrary paths are then retrieved by applying the inverse of the mapping function. 
The second approach is a new four-dimensional algorithm described by Mitchell and 
Spencer (2003). Here, the distribution of electron concentration along the paths of the 
slant measurements is computed from an inversion of linear equations. The resulting 
map is a three-dimensional image with a time dependency. Slant TEC on arbitrary 
paths are retrieved by integrating through the inversion. Furthermore, the time depen­
dency permits movies to be made showing the time evolution of the TEC distribution. 
A fuller description of these algorithms is presented later in this chapter.
TEC mapping is currently being applied to the problem of estimating ionospheric delay
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corrections for GPS navigation systems. Recall from Chapter 2 that the ionospheric 
delay constitutes the largest error term in the GPS navigation solution (see Table 2.1). 
Dual-frequency GPS receivers can eliminate directly the ionospheric delay, by making 
differential code or carrier phase measurements. On the other hand, single-frequency 
receivers rely on the Klobuchar model (or similar) to estimate the ionospheric delay. 
Under quiet geomagnetic conditions, the Klobuchar model is able to correct for, at 
best, about 50% of the ionospheric delay. The correction worsens significantly with 
the onset of ionospheric storm conditions (Klobuchar, 1987). Furthermore, there is 
no indication that the correction has deteriorated, since models can only work with 
‘average’ conditions. However, wide-area TEC maps compiled from dual-frequency 
GPS measurements can be used to compute corrections for the ionospheric delay, which 
are subsequently broadcast to the users of single-frequency receivers. Thus mapping 
TEC over a wide geographical area can be regarded as equivalent to mapping the GPS 
signal delay through the ionosphere.
This principle has become known as Wide-Area Differential GPS (WADGPS). In the 
United States, the Wide Area Augmentation System (WAAS), described by El-Arini 
et al (2001), is now operational. WAAS uses a thin shell algorithm to compute (in 
real time) ionospheric delay corrections for single-frequency GPS receivers. The WAAS 
correction message is uplinked to geostationary communications satellites and broad­
cast to civil aircraft operating in airspace over the continental United States. A further 
component of the WAAS correction message is an integrity indicator, driven by an 
ionospheric storm detector, that will inform users if the broadcast correction has be­
come unreliable. A number of manufacturers are now producing WAAS-capable GPS 
receivers. A similar system, the European Geostationary Navigation Overlay System 
(EGNOS), is under development. It is intended to operate in European airspace and 
will use signals from the proposed European space-based navigation satellite network 
Galileo as well as GPS. There are also similar systems envisaged for regions as diverse 
as Brazil, India, Japan and South East Asia.
TEC mapping has applications in the design and analysis of terrestrial HF radio com­
munications and direction finding. HF radio links operate in the 3 - 30  MHz range, and 
have advantages over systems operating at higher frequencies. For example, terminal 
equipment can be relatively inexpensive, and it can operate at low power levels, whilst 
still retaining sufficient bandwidth for voice and low rate data communications. Radar 
operating at HF has the ability to ‘see’ over the horizon. However, HF radio suffers 
some disadvantages. For example, the propagation conditions can be very variable, 
requiring frequent changes in operating frequency. Also, a large number of propaga­
tion paths are possible, leading to interference between the signals arriving by different 
paths and time delays (Davies, 1990). TEC mapping can help in identifying propaga­
tion paths, determine optimum operating frequencies and identify target locations for
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military over the horizon radar systems.
The international scientific community has been keen to exploit transionospheric sig­
nals for remote sensing of the near-space plasma. Signals from NNSS and GPS have 
been employed in TEC mapping techniques to study space weather and its effects on 
the Earth’s environment. TEC measurements have also been used to correct single­
frequency altimeter measurements for ionospheric delay in the TOPEX/Poseidon mis­
sions (Schreiner et al., 1997). TOPEX/Poseidon is a joint US/French satellite that 
monitors sea surface heights in the study of ocean variability and climate change. 
Early missions used a dual-frequency radar altimeter, which is able to correct for iono­
spheric delay. However, some later missions have used a single-frequency altimeter, 
the measurements of which are biased by the ionospheric delay. The purely scientific 
case for TEC mapping has thus been vindicated by the deeper understanding of the 
processes within, and morphology of, the ionosphere.
3.1 .2  Ionospheric m odels
Current knowledge of the ionosphere has been assembled from a combination of ground 
based remote sensing techniques and satellite observations, made over many years. 
Yunck et al (2000) present a good general review of the use of GPS for remote sensing 
of the ionosphere. Observations from remote sensing techniques have helped to develop 
empirical models that can be used to map ionospheric TEC without the use of direct 
measurements. Davies (1990) presents some simple models that approximate an iono­
spheric layer by an analytical expression. For example, the following model gives an 
estimate of the electron density N  at a height h using a linear approximation of the 
electron density gradient a  and the height ho of the base of the layer:
N  = a ( h - h 0) (3.1)
Another model described by Davies (1990) is the Chapman layer:
N  = No exp {1 — z — sec (x) exp(—z)} and z =  -—  (3.2)
where No is the peak electron density at height ho, H  is the scale height, and x is the 
solar zenith angle.
More complex models make use of peak density measurements combined with vertical 
electron density profiles to produce an estimate of the electron density at a particular 
height. An example of a widely used model is the International Reference Ionosphere
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Figure 3.1: Example of an electron density profile computed using the IRI95 model.
(IRI - see Bilitza (1990)), which has been used extensively in this project to create 
a model ionosphere for the simulations. Under quiet geomagnetic conditions, and at 
middle latitudes, models can give adequate results for most applications, and are useful 
for computer simulation studies. However, at high latitudes, the ionosphere is highly 
variable and models cannot give an accurate representation of the ionosphere. Fur­
thermore, at middle latitudes during disturbed conditions, the electron concentration 
makes large excursions from it’s mean behaviour, and models often have to incorporate 
real-time data in these conditions.
3.2 TEC  from G PS range m easurem ents
The development of the TEC measurement is presented in this section. Starting from 
the Appleton-Hartree equation, expressions for the phase advance and signal delay are 
developed as differences between the true geometric path length and the measured 
range. This leads to a development of the dual-frequency TEC measurement. The 
calibration of the differential phase measurement to the differential code measurement 
is discussed.
3.2.1 E xcess path length  in G PS range m easurem ents
In a vacuum, a radio signal propagates at the velocity of light, c. The ionosphere, how­
ever, is a weakly ionised plasma that is refractive to radio signals. Thus the velocity of 
a radio signal in a plasma is modified by the refractive index n, i.e. v = c/n. In the case
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of the ionosphere, the refractive index can be determined from the Appleton-Hartree 
equation:
n =  1 —
X
1 - j Z -
2(1 - X - j Z )  
The symbols X , Y  and Z  are defined as:
Y*
4(1 - X - j Z ) 2 +
(3-3)
X 2 / 2 =  Up/U
Y = UJb / w
Yl = u l / u
Yt — & T  / w
Z =  V  j b J
where is the angular plasma frequency, u j b  is the electron gyrofrequency, a a n d  
u>T are the longitudinal and transverse components of ujb respectively, and v is the 
electron-neutral collision frequency. In general, n is complex, i.e. n =  /i +  j x • If 
the refractive index n of the medium depends on the frequency of the signal passing 
through it, the medium is said to be dispersive.
Equation 3.3 can be simplified by making the following assumptions. First, at iono­
spheric heights the neutral gas density is low and there are few collisions between 
electrons and neutrals, that is v «  0. Thus absorption can be assumed to be negli­
gible and so Z  «  0. Second, the magnetic field can be assumed to be negligible, so 
Y  =  YL =  YT =  0. Thus taking the real part of n (i.e. =  ji) Equation 3.3 reduces
to
[i2 =  1 -  X  (3.4)
where X  = u j 2 / u j 2 . Neglecting higher order terms, which amount to less than 1% of the 
first-order term at GPS frequencies (see J. A. Klobuchar in Parkinson et al. (1996)), fi 
can be approximated as
“ 1 1 U )2
(3.5)
2 2 w2
or, since /  =  27ro;
M = 1 - ^ (3.6)
Here, /  is the carrier frequency of the signal. f p is the plasma frequency, given by
(3-7)
where e is the charge on an electron (= —1.602 x 10” 19 C), £ is the permittivity of free
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space (= 8.854 x 10~12 F/m), m e is the rest mass of an electron (= 9.107 x 10-31 kg) 
and N  is the electron concentration in electrons m '3. Substituting Equation 3.7 into 
Equation 3.6 and putting in the values for the constants gives
4 0  3
/x =  1 -  - j f - N  (3.8)
where the constant 40.3 has units of m3s"2.
Following the development in Kaplan (1996), Equation 3.8 can now be rewritten in 
terms of the phase refractive index, /ip, and the group refractive index, pg
, 40.3 „ 40.3 __
P p  — 1 f *  ^ 4" j 2  (^*9)
and hence, using the fact that v = c/p, the phase and group velocities can be expressed 
as
vp =  " 4 0 l ~  va = ~ 4 0 7 "  3̂’10^
j2 f 2
From Equations 3.10 it is clear that phase velocity, vp, and the group velocity, vg, differ 
from the free space velocity, c, by equal and opposite amounts. Hence, for the GPS 
signals, the PRN codes and navigation message are delayed and the carrier phase is 
advanced.
The path length difference due to the ionosphere can now be determined. Let the 
measured range between satellite s and receiver r be given by
S = j \ d S  (3.11)
and the true geometric range along the line of sight be given by
p =  J*  l d l  (3.12)
Then the path length difference is
AS =  S -  p = f  n d S -  f  l d l  (3.13)
J r J v
Substituting the phase refractive index from Equations 3.9 into Equation 3.13 gives
AS„ =  J ’ ( l  -  ^ T -w ) d s  -  J ‘ 1 dl (3.14)
where ASp is the carrier phase advance, which is small in comparison with the true
path length. Thus Equation 3.14 can be simplified by changing dS  to dl and integrating
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along the line-of-sight path. The carrier phase advance can now be expressed as
40 3 f s
A S P = — j 2 ~ / Ndl  (in metres) (3.15)
J  J r
Similarly, the group delay, ASg, along the path between satellite s and receiver r can be 
expressed by substituting the group refractive index from Equations 3.9 into Equation 
3.13 to get
A S g = J*  ( l  + j § - N ^ d S - J ’ l d l  (3.16)
and hence
40 3 r s
ASg = — / Ndl  (in metres) (3.17)
J J r
I  =  f  Ndl  is the total electron content (TEC) in electrons m '2, so 
3.17 can be written:
4 0  3 4 0  3
ASP = — j f l  and ASp =  j f l  (3.18)
3.2.2 D ual-frequency TEC  m easurem ents
If the true geometric path length between the satellite and the receiver were known, 
the TEC could be calculated directly from Equations 3.18. The true path length is, of 
course, not known; indeed, it is the very quantity that is being sought. However, TEC 
can be measured directly by making differential code delay or differential carrier phase 
measurements on both GPS carrier frequencies. Following Mannucci et al. (1999), the 
four GPS range measurements can be expressed as
Pi =  p +  APp,! +  r[  +  rf  (3.19)
P2 =  p + A S 9t2 +  72 +  t£ (3.20)
Pi =  p +  A ^ i  +  iViAi +  e J+ e ;  (3.21)
L>2 — P 4- ASpt2 T N 2 X2 4“ e2 "I” e2 (3.22)
where Pi are the measured code ranges and Li are the measured carrier phase ranges 
(i = 1,2) on the LI and L2 frequencies, p  is a non-dispersive delay term which lumps 
together the true geometric range, clock offsets, troposphere delay and other non- 
dispersive hardware delays. ASgj  and ASpj  are the group and phase ionospheric delay 
terms, which are frequency dependent. Ai are the carrier wavelengths, each of which are 
associated with an unknown integer cycle ambiguity iVj. The remaining terms, Ti and 
€i, are the dispersive components of the satellite and receiver hardware delays. Dual-
From Equation 2.1, 
Equations 3.15 and
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frequency differencing of the code and phase ranges gives the ionospheric combinations 
Pi and L/:
P, = P2 -  P, = 40.3 -  j X  I  + B r + B(3.23)
Li = L \ -  L2 = 40.3 ( j i  -  I  + ( N ^  (3.24)
The code range ionospheric combination Pi is absolute, but noisy. On the other hand, 
the phase combination, L/, is smooth and can provide very accurate measurements of 
TEC changes, but is offset from the code range combination by a bias related to the 
unknown integer cycle ambiguity, N\X\ — N2 X2 • The situation is illustrated in Figure 
3.2(a), which shows a typical phase arc between a satellite (PRN0005) and a receiver 
(‘brus’). The red curve is the differential code TEC measurement and the blue curve 
is the differential carrier phase measurement. It can be seen that there is an offset of 
approximately 15 TEC units between the two arcs. A TEC measurement that is both 
smooth and absolute can be obtained by calibrating the L/ arc to the P/ arc using a 
least squares fit. This procedure, sometimes referred to as ‘levelling’, has been widely 
described in the literature (see, for example, Coco et al. (1991); Mannucci et al. (1998)).
(a) IGSbrus -  P R N 0005: 2 4 -J a n -2 0 0 1 (b) IGSbrus -  P R N 0005: 2 4 -J a n -2 0 0 1
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Figure 3.2: Calibration of Phase ionospheric combination (blue curve) to code iono­
spheric combination (red curve) for receiver ‘brus’ and satellite PRN0005 on 24-Jan- 
2001. Start time is 08:15 UT, end time is 13:55 UT. (a) before fitting phase arc to code 
arc, and (b) after fitting.
The resulting TEC measurement, P;, i.e.
Pl = 4 0 . 3 ( j i - j ^ ) l  + B r + Bs (3.25)
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is now both smooth and absolute, but still contains the receiver and satellite inter­
frequency biases B r and B s, which must be estimated and removed. A description of 
how this is achieved is given later in this Chapter.
3.3 From TEC measurements to TEC maps
In this section, the thin shell and the tomographic approaches to mapping ionospheric 
TEC will be described. The two methods differ fundamentally. The thin shell model 
essentially models the ionosphere as a horizontal spherical shell of infinitesimal thick­
ness, requiring vertical TECs to be estimated using a geometric mapping function. 
Thin shell models cannot determine the distribution of ionisation along the raypath. 
Tomography preserves the height dimension, allowing slant and vertical TEC measure­
ments to be extracted directly. The tomographic method can also be extended to four 
dimensions by incorporating a time dependency, enabling TEC maps to be animated 
to show the time evolution of the TEC distribution. Whereas individual TEC measure­
ments contain no information about the distribution of electron concentration along 
the line integral, ionospheric tomography offers the ability to recover this information 
along any ray path in the reconstruction volume.
3.3.1 T he th in  shell m odel
Maps of vertical TEC are generated from a large number of sTEC measurements be­
tween ground-based receivers and the satellites in view. The ground-based receivers 
are generally dual-frequency types with antennas securely fixed in precisely surveyed 
locations. A commonly used model, first proposed by Lanyi and Roth (1988), repre­
sents the ionosphere as a thin shell at a fixed height. The model is predicated on the 
assumption that the entire vertical electron density profile of the ionosphere is con­
centrated in a spherical shell of infinitesimal thickness. Various shell heights in the 
range 300 - 450 km have been reported in the literature. Referring to Figure 3.3, TEC 
maps are produced using the thin shell model model by the following procedure. A 
GPS receiver at position r makes TEC measurements to the satellites in view from its 
fixed position. Suppose there is a satellite at position Sj. In the first epoch, the slant 
TEC between r and Si is measured. The line of sight from r to Sj intersects the shell
(at height h) at q. A mapping function M(E),  which is a geometric function of the
elevation angle E1? is used to convert the measured slant TEC to the equivalent vertical 
TEC at the point p^ Slant TEC measurements to all other satellites in the same epoch 
are treated similarly. All equivalent vTEC values measured in the current epoch are
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5° grid poin ts
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Figure 3.3: Simplified geometry of the thin shell modelling approach.
then mapped to the points of a horizontal grid using an interpolation algorithm. The 
grid, which is superimposed on the shell, is defined by points of latitude and longitude, 
typically 5° apart. Other tessellations such as equilateral triangles have been reported 
in the literature (Mannucci et al., 1998). The original mapping function, M(E),  used 
by Lanyi and Roth (1988) is of the form:
M(E) = 1 -
cos E
LRDJ (3.26)
where E  is the angle of elevation from the receiver to the satellite, h is the shell height, 
and R  is the radius of the Earth.
In a subsequent epoch, the satellite has moved to position s2, and the process is re­
peated. Note that the elevation angle E2 is now considerably less than El5 so the slant 
path through the ionosphere from r to s2 is much longer than the vertical path above 
p2. Since TEC is a line integral, the equivalent vTEC will be overestimated at lower 
elevation angles. Low elevation paths are also more susceptible to multipath effects. 
The overestimate will be compounded by any strong horizontal TEC gradients existing 
above or below the shell height. An example of this effect is shown in Figure 3.4, which 
is a plot from an incoherent scatter radar showing electron density as a function of 
latitude and height. A line representing a thin shell has been superimposed on the 
figure at a height of 400 km. The line-of-sight from the receiver rx to the satellite sx 
can be seen to pass through some intense E-region ionisation at about 140 km, and 
some more ionisation in the F-region at 250 - 300 km. Applying the mapping function 
to this measurement would lead to a serious overestimate of the equivalent vTEC at 
the point P. Now consider the line-of-sight from the receiver r2 to the satellite s2, which
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Figure 3.4: Showing the effect of strong vertical TEC gradients below the thin shell.
Source: C. N . M itchell, P hD  T hesis, 1996.
passes through some weak F-region ionisation at about 300 km, and again at 500 km. 
Applying the mapping function to this measurement leads to a widely different value 
for the equivalent vTEC at the point p. This, and other drawbacks of the thin shell 
model, are discussed by Davies and Hartmann (1997).
The thin shell model starts to appear in the literature around 1988. Lanyi and Roth 
(1988) made TEC measurements using GPS code and carrier phase data in the vicin­
ity of a single GPS receiver, and compared them with Faraday rotation measurements 
from a beacon satellite by statistically fitting the TEC data to a simple model of the 
ionosphere based on a thin shell at 350 km. They assumed that the ionosphere is 
time independent for a duration of 4 - 6 hours. Using a least-squares procedure, they 
estimated the satellite and receiver offsets simultaneously with the TEC. Slant obser­
vations of TEC from their receiver to GPS satellites were converted geometrically to 
equivalent vertical TECs using the mapping function of Equation 3.26 at the points 
where they intersected the shell. They concluded that an upper bound for the error in 
GPS-measured slant TEC can be within 1 TECu compared to Faraday rotation mea­
surements, but GPS offers superior sky coverage. However, by using a single receiver 
site the equivalent vTEC becomes less reliable for low elevation paths, particularly in 
the presence of strong horizontal TEC gradients. Also, by assuming stationarity for 
periods of 4 - 6 hours they would have low-pass filtered the temporal variability of the 
ionosphere. Nevertheless, this is an early application of the “Thin Shell” model, which 
has become the basis for many wide-area TEC mapping procedures.
Coco et al. (1991) studied the inter-frequency biases on paths between a single receiver
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and the satellites in view from it. Using the least-squares estimation method of Lanyi 
and Roth (1988), they examined the accuracy with which the differential delay could be 
measured and the stability of the biases over a five-week period. They found that the 
satellite biases were quite stable over a two-year period. The measured inter-frequency 
biases for four satellites were compared with their pre-launch values, and found in two 
cases to agree, but to differ significantly in the other two cases. Sardon and Zarraoa
(1997) examined the stability of the satellite and receiver biases over a period of 19 
months from February 1995, and have attempted to quantify them separately. They 
considered 19 fixed GPS receivers located in various positions throughout the world, 
and were interested in both the day-to-day and the long-term variability. They showed 
that the rms long-term variability of the satellite biases over the 19-month period was 
less then 0.25 ns, and in some cases less than 0.1 ns. Receiver biases were found to 
be sensitive to almost any change in hardware, so the rms variability was computed 
using the longest periods without hardware changes. They found that generally the 
rms variability was 0.53 ns. For the day-to-day variability, the satellite biases were 
generally less than 0.5 ns, and receiver biases were less than 1 ns. Subsequent studies 
have confirmed that the biases are sufficiently stable over a period of months that they 
can be treated as constants (Gao and Liu, 2002). A signal generator for calibrating 
inter-frequency biases in TurboRogue GPS receivers is described by Duncan et al.
(1998).
In January 1993, Wilson et al. (1995) of the Jet Propulsion Laboratory(JPL) applied 
the thin shell model of Lanyi and Roth (1988) with 30 widely distributed fixed GPS 
receivers and a 350 km shell to produce wide area TEC maps for the northern hemi­
sphere. A drawback of their approach was that it required an averaging time of 6-12 
hours, limiting the time resolution of their maps to 12 hours. This work was followed 
up later that year with a study by Mannucci et al. (1993), also at JPL, who describe 
an improved global TEC mapping method, again using multiple GPS receivers. Their 
approach, which also draws upon the single site method of Lanyi and Roth (1988), 
represented the ionosphere by a thin shell at a height of 350 km, tesselated into 642 
‘spherical triangles’. Using a Kalman filtering algorithm, they were able to produce 
vTEC maps at intervals of less than one hour. In 1998, they reported on further devel­
opments of their approach (Mannucci et al., 1998), in which they included climatological 
models to supplement GPS data in sparse regions. Additionally, they compared their 
TEC maps to vTEC measurements from the TOPEX satellite, and found that the 
triangular gridding could reproduce latitudinal gradients at equatorial to mid latitudes 
reasonably well, but they suggested that more extensive comparisons in the equatorial 
region should be performed. In this later study, they raised the shell height to 450 
km, arguing that a lower height appears to reduce accuracy. Others have studied the 
problem of determining an optimum shell height - see Birch et al. (2002), for example.
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3.3.2 Ionospheric tom ography
Tomography is a technique for imaging a two-dimensional object using only one­
dimensional projections along a number of intersecting paths that traverse the object. 
Consider the grid in Figure 3.5, which contains four unknown numbers, each in a pixel 
of known size. The measured quantity is the sum of the path lengths through each 
pixel (known) times the unknown number in the pixel. For simplicity, let the pix­
els in Figure 3.5 have side lengths equal to 1 unit, and let the unknown numbers in 
all the pixels be equal to 1. Then for projection 1, the measured quantity would be 
l x l  + l x l  = 2, and for projection 3 it would be 1 x y/2 + 1 x y/2 «  2.8, etc. Hence the 
summation along any arbitrary path could be computed using simple geometry. The
2
i
Figure 3.5: Simple grid with four pixels.
problem of tomography is to determine the unknown numbers in the pixels using only 
the measured projections. Let i  be the indices of the projections and bi be the i —t h  
projection, j  be the indices of the pixels and Xj be the unknown number in the j —t h  
pixel. Then the length of each projection in each pixel is represented by Aij, so for the 
grid in Figure 3.5, the following system of equations can be formed:
b \  =  A \ \ X \  +  A 12X 2 
b2 = A22X2 + A23X3 + ^ 24^4  
63 =  A32X2 +  A 3 3X3
(3.27)
This can be written in matrix form:
^ 1 1 A 12 0 0
X \
'  6 l  '
0 A -22 A-23 A 2A
x 2
— b2






Ax = b (3.29)
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which could be solved for x using a matrix inversion, given a sufficient number of 
projections.
In medical tomography, the data acquisition system comprises a set of X-ray emitters 
aligned towards a set of sensors fixed in an assembly that is designed to rotate through 
360° around the patient’s body. This gives a complete set of projections b from all 
possible angles, and enables a two-dimensional image of a slice through the patient’s 
body to be built up by solving Equation 3.29 directly. In ionospheric tomography, a 
grid of pixels defined by altitude versus degrees of latitude represents a vertical section 
through the ionosphere (see Figure 3.6). A chain of reference receivers, r1? r2 and r3, 
placed along a meridian of longitude makes measurements of TEC along the lines of 
sight to a satellite s as it moves from position Sĵ  to position s3. The geometry of the 
ionosphere and the data acquisition system severely limits the angular range of the 
propagation paths b, leading to an incomplete set of projections. Thus the matrix A 
in Equation 3.29 can be highly singular, and the system of equations cannot be solved 
directly by matrix inversion. A priori information must therefore be used to stabilise 
the solution before Equation 3.29 can be solved to find the underlying electron density 
field x. Note that there may be many valid solutions for x summing to the same line 
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Figure 3.6: Simplified ionospheric tomography geometry.
Early experiments in ionospheric tomography used data from the NNSS satellites. Since 
these satellites are in polar orbits, their orbital paths would periodically be close to the 
longitudinal plane of the receivers. A tomographic image of a vertical slice through the 
ionosphere could then be made using TEC measurements from the satellites’ signals 
on 150 and 400 MHz.
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A limitation of using NNSS satellite data is that the ionosphere can only be imaged 
to the orbital altitude of 1100 km. However, the GPS satellites orbit at an altitude 
of about 20200 km, and so can provide information through almost the entire vertical 
extent of the ionosphere. Ciraolo and Spalla (1997) have compared TEC measurements 
made using GPS and NNSS data. Between January 1994 and December 1995, they 
made TEC observations from two NNSS stations and a GPS receiver in Italy, and 
found that the yearly average of GPS TEC is higher than the NNSS TEC by about 
3 TEC units. They concluded that the GPS observations contain a contribution from 
the electron content between 1100 km and 20000 km owing to their higher orbits. In 
an extension of this study (Ciraolo and Spalla, 2001), they present results from 1994 to 
2000, that is from low to high solar activity. Again, their results show that the average 
GPS TEC is higher than the NNSS TEC by 3 or 4 TEC units.
The duration of the NNSS satellites over-fly is typically about 20 minutes. The iono­
sphere is assumed to be stationary over that period. On the other hand, the duration 
of a GPS satellite can be several hours. It was initially believed that GPS would be 
unsuitable for ionospheric tomography, as the ionosphere could not be assumed to be 
stationary for the transit duration. However, since there are usually multiple satel­
lites in view a full four-dimensional determination of the ionisation distribution can be 
obtained by introducing a time dependence into the inversion.
Ionospheric tomography was first proposed in 1986 by Austen et al. (1986). Two years 
later, the first tomographic images of the ionosphere, based on model data, appeared 
in the literature (Austen et al, 1988). These were based on the case in which all 
raypaths lie in the same plane, i.e. the 2-D case, and imaged a region 300 km high 
by 2500 km wide. They used an established iterative algorithm to solve for electron 
concentration, producing images with six pixels vertically and twenty horizontally. By 
comparing images generated from their tomographic reconstructions with those from 
the original model ionospheres, they obtained good correlation between the two within 
the limitations of their geometry. Further simulation work was reported in 1990 by 
Raymund et al (1990), in which they successfully reconstructed an ionospheric trough 
that had been previously mapped using incoherent scatter radar. The original image 
and the reconstructed plots were compared and found to agree well.
In 1991 some of the theoretical limitations to ionospheric tomography were investigated 
by Yeh and Raymund (1991), who show that the main limitation for ground based 
observations is that the geometry only permits TEC measurements to be taken over a 
limited range of view angles. In addition, low elevation angles are subject to multipath 
errors. The vertical resolution of the electron gradient is severely limited by the lack 
of ray paths running horizontally.
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Experimental results were reported in 1992 by Pryse and Kersley (1992), who produced 
2-D tomographic images from TEC measurements made by two NNSS receivers. These 
receivers were situated at Kiruna, Sweden and Oulu, Finland. Simultaneous measure­
ments of electron density using the EISCAT incoherent scatter radar at Troms0 in 
northern Norway were taken for independent validation purposes. The results from the 
two methods were presented as two-dimensional images of electron density as a func­
tion of height and latitude. Whilst the two receivers were displaced from each other 
in longitude, and with respect to the plane of the radar scan, their tomographic recon­
struction showed a large-scale latitudinal electron density gradient close to a similar 
structure observed by the EISCAT radar. They concluded that the agreement between 
the two sets of results was sufficient to justify further development of the technique. 
The work was extended in 1993, when Kersley et al. (1993) published the results of a 
similar study in which a chain of four NNSS receiving stations were arranged approxi­
mately on a meridian of longitude in Scandinavia. The data from these receivers were 
processed to yield TEC values in a vertical plane. Again, the EISCAT radar was used 
for independent verification of the tomographic images. The resulting images showed 
broad agreement with EISCAT horizontally, but they found that the lack of horizon­
tal raypaths led to incomplete data from which to reconstruct the vertical structure. 
To overcome this, they created a background ionosphere using the IRI90 ionospheric 
model, which they note makes the results depend upon the model used.
In 1995, sensing that the proliferation of ionospheric reconstruction algorithms was 
causing confusion in the selection of a suitable algorithm for a particular purpose, 
Raymund (1995) published a comparison of different reconstruction algorithms. Three 
actual ionospheric electron density distributions obtained from incoherent scatter radar 
observations were reconstructed using a variety of iterative algorithms, and the results 
compared with the original distributions. Pryse et al. (1998) compare the performance 
of three different tomographic algorithms, and use independent data from the EISCAT 
radar for verification purposes. A review of developments in ionospheric tomography 
is presented by Bernhardt et al. (1998).
Many tomographic reconstruction algorithms start from an initial guess derived from 
a model ionosphere and use an iterative procedure. However, in 1992 a non-iterative 
parameter-fitting algorithm adapted from another geophysical situation was proposed 
by Fremouw et al. (1992). Here, the vertical structure is represented by empirical 
orthonormal functions (EOFs) derived from ionospheric models and the horizontal 
structure by a Fourier power spectrum. Their method allows a priori information to be 
fitted in a least-squares sense in order to estimate the underdetermined elements. The 
a priori information can come from model data, or independent measurements from 
ionosondes or radar. It is this approach that has been extended into four dimensions 
in the MIDAS algorithm, developed by Mitchell and Spencer (2003).
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3.3 .3  T he M ID A S algorith m
TEC measurements taken from NNSS (TRANSIT) signal observations are suitable for 
2-D reconstructions since the satellites and receivers are approximately in the same 
plane. The reconstructions are usually plotted as a function of latitude versus altitude. 
The GPS satellites and ground based receivers are not necessarily in the same plane, so 
2-D reconstructions are inappropriate. To make use of the data that would otherwise 
be lost, a 3-D geometry can be used to recover all three spatial dimensions. Over time 
scales of minutes, the ionosphere can be considered to be unchanging, but the data 
are limited due to the long over-fly times of the GPS satellites. To overcome this data 
from one hour are used, and a time-dependent term is introduced into the inversion. 
Consequently 4-D reconstructions are possible.
A new multi-instrument inversion technique, called MIDAS, was presented by Spencer 
and Mitchell (2001). The aim of their method is to provide a consistent method of 
inverting transionospheric TEC measurements, obtained from a variety of ground and 
space based instrumentation, to map the spatial and temporal distribution of electron 
density over a wide geographical area. They demonstrate the utility of the method by 
mapping TEC over the entire northern hemisphere for the ionospheric storm of July 
2000. Their results are confirmed by independent inversions of the mid-latitude trough 
position, made using NNSS data recorded in Italy. Mitchell and Spencer (2002) present 
a further demonstration of the potential of MIDAS in using GPS data to study the 
ionosphere under very disturbed geomagnetic conditions.
The MIDAS algorithm is described by Mitchell and Spencer (2003), and can be sum­
marised as follows. Observations of slant TEC are made to GPS satellites in view 
from a number of ground-based fixed dual-frequency GPS receivers. A grid of three- 
dimensional elements (called ‘voxels’ to distinguish them from two-dimensional pixels) 
is set up in a spherical volume to represent the region of the ionosphere that it is re­
quired to image. On the assumption that the electron concentration, x, within each 
voxel is constant, the problem can be defined as a system of linear equations, thus
Ax =  b (3.30)
in which the A is a sparse matrix of the path lengths in each voxel, x is the vector 
of electron densities in each voxel, and b is a vector containing the observed path 
length integrals. Since A is known and b is the quantity measured, the problem is 
to solve Equation 3.30 for x. This will permit vertical TECs to be estimated for any 
geographical position within the coverage area.
A difficulty arises in that many voxels in the reconstruction volume are not traversed
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by any satellite to receiver ray paths, hence the path lengths in these voxels (and 
so the corresponding entries in the matrix A) are zero. The inclusion of a priori 
information will help to stabilise the solution, and the approach adopted in MIDAS 
uses an extension into three dimensions of the method described for two-dimensional 
imaging by Fremouw et al. (1992). Since the ionosphere cannot be considered to be 
stationary during the pass of a GPS satellite, a time dependence is also incorporated in 
the solution. Using a mapping matrix X, Equation 3.30 is transformed from a voxel- 
based representation to an ortho-normal representation of the reconstruction volume. 
This can be expressed as:
AXM  =  b (3.31)
where the unknown term is M, the relative contribution of the basis functions. When 
phase data are used, adjacent rows of the matrices AX and b  are differenced to negate 
the effects of the unknown carrier cycle ambiguity. M can now be found by inverting 
Equation 3.31, that is
M = (A X )- 'b  (3.32)
where A X  and b are now differenced values. By applying singular value decomposition 
to the matrix AX, two orthogonal matrices U and V  are returned with a diagonal 
matrix of singular values, w.
(A X )"1 =  V (diag (1/w)) U T (3.33)
Hence the solution to the inverse problem is given by
M  = (V  (diag (1/w) U T))  b (3.34)
With M  now known, the electron densities within each voxel can then be retrieved 
from Equation 3.30 and Equation 3.31:
x =  XM  (3.35)
The time-dependency in the inversion is implemented in a similar manner. The follow­
ing system of linear equations is defined:
Dy =  c (3.36)
in which D is a matrix formed from the differences in ray path geometry at consecutive 
time intervals, y is the change in electron density, which is unknown, and c is the
change in measured TEC. The problem here is to solve Equation. 3.36 for y. The
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equation is transformed using a mapping matrix X, giving
DXG =  c (3.37)
where G is the unknown term consisting of the linear changes in coefficients of basis 
functions. Hence the time-dependent solution can be found by applying singular value 
decomposition to
G = (DX)-1c (3.38)
to obtain
y =  XG (3.39)
By default, MIDAS maps from the voxel-based to the ortho-normal representation using 
spherical harmonics in the horizontal domain, and ortho-normal basis functions in the 
vertical domain. These ortho-normal basis functions may be derived from models such 
as Chapman or Epstein. See Mitchell and Spencer (2003) for a full explanation.
3.4 The inversion procedure
A general description of how the MIDAS procedure is applied, is given in this section.
The MIDAS algorithm is capable of constructing maps of ionospheric TEC using either
the thin shell or the full four-dimensional inversion. An outline of the inversion param­
eters for both techniques is given here, and the process of computing and removing the 
receiver and satellite inter-frequency biases is explained.
3.4.1 Full inversion procedure
In section 3.3.2, it was shown that the full inversion problem can be expressed by the 
system of linear equations Ax =  b (Equation 3.29), in which A is the matrix of the 
path lengths through each voxel, x is the vector of unknown electron densities in each 
voxel, and b is the vector of dual-frequency TEC measurements. The problem is to 
solve for the underlying electron density field, x, using the measurements of slant TEC, 
b that were calculated as described above. The vertical TEC can then be extracted 
by integrating through the three-dimensional electron-density volume in the vertical 
dimension.
For both the simulated and experimental cases, the reconstruction grid used is a low 
resolution 3-dimensional one covering the entire globe. Generally, the grid used in this
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project is divided into latitudinal increments of 1° and longitudinal increments of 4°. 
In altitude, the grid extends from 80 km to 1180 km in steps of 50 km. The image 
regions were limited in space horizontally to 30°N - 70°N in latitude and 10°W - 40°E 
in longitude, as shown schematically in Figure 3.7. Where grid spacings different from 
these were used, this is noted in the text.
Longitude
Figure 3.7: Extents of full inversion imaging grid.
The horizontal basis comprised 40 latitude harmonics and 4 longitude harmonics. In 
the vertical domain, three empirical orthonormal functions (EOFs) computed from 
eight Epstein functions are used. These have F2 electron density scale heights ranging 
from 30 km to 120 km, and F2 peak density heights from 250 to 400 km. The equations 
were solved using LU decomposition.
3.4.2 Thin shell procedure
The thin shell was approximated by a 1 metre thick layer centred in height at the 
shell altitude. The grid used in the thin shell images was also a low-resolution one 
covering the entire globe, with horizontal limits and increments equal to those of the 
full inversion. The imaging region was limited horizontally in the same manner as the 
full inversion, as shown schematically in Figure 3.8. Again, the latitudinal increments 
of 1° and longitudinal increments of 4° used in the full inversion were used. The 
horizontal constraints used were the same as those used in the full inversion, that is, 40 
latitude harmonics and 4 longitude harmonics. LU decomposition was used to solve the 
equations. Equation 3.30 is solved for x as before, but it is important to note that, in 
this case, the matrix A contains no height information other than that corresponding 
to the thickness of the approximating layer. Thus the solution of Equation 3.30, x, 





at 450 km altitude
Figure 3.8: Extents of thin shell imaging grid.
3.4.3 C alculation o f inter-frequency biases
In Subsection 3.2.2, the following expression (Equation 3.25) was derived for a TEC 
measurement that is both smooth and absolute:
P} =  40.3 ( L  -  ± )  /  +
where the remaining error terms, Br and Bs, are termed, respectively, the receiver and 
satellite inter-frequency biases. Due to hardware differences between the LI and L2 RF 
stages, the signals propagate through the transmitters and the receivers at different, 
and unknown, rates. This leads to an additional error term for each satellite to receiver 
path equal to the sum of the inter-frequency biases. According to Sardon and Zarraoa 
(1997), the inter-frequency biases can amount to several nanoseconds (1 ns equates to 
2.86 TECu). Typical values are given by Mannucci et al. (1998), who quote ±9 TECu 
for the satellites and ±30 TECu for certain receivers. Hence, for accurate estimates of 
TEC, the inter-frequency biases must be estimated and removed.
The procedure used in the MIDAS program is as follows. Each measured TEC is 
differenced with the corresponding TEC through the full MIDAS inversion, that is
Ax -  b = z (3.40)
where z is the vector of residuals. Each Z{ is the sum of one unique receiver bias 
and one unique satellite bias. Thus a system of simultaneous linear equations can be 
formed in which the unknowns are the individual satellite and receiver biases. So for i 
receiver-satellite pairs with m  receivers and n satellites, the individual receiver biases,
43
B r , and satellite biases, B s, can be written
B r i +  — z \
B r \  d" B s2 — ^2
Hr2 +  B S2 =  £3 (3-41)
B r m  +  ^ S n  ~ ■
The solutions for Br and 5 S are non unique, since there are fewer independent equations 
than unknowns. However, each satellite-receiver bias pair is uniquely determined. More 
accurate values can be found by using data from longer time periods (e.g. 1 day). Thus 
to obtain an estimate of the true TEC, the mean daily biases must be subtracted from 
the TEC measurements (derived from the satellite and receiver data files). The true 
slant TEC can now be obtained from
P ,I = 4 0 . 3 ( j i ~ j ^ I - ( B r + B 3) (3.42)
Figure 3.9 shows an example of the daily satellite and receiver bias calculations, com­
puted for one of the 25 test days - 28th March 2001. In each subplot, the blue line 
represents the mean inter-frequency bias for the station computed over one day. The 
red points represent an estimate of the inter-frequency bias for each hour, and the green 
points indicate that no solution was possible. The subplot for ‘bshm’ (top row, 5th 
from left) has been reproduced in Figure 3.10 for greater detail. In Figure 3.11, the 
individual absolute receiver and satellite biases have been plotted for one hour, and the 
mean has been indicated on both plots by a magenta line parallel to the x-axis. The 
upper plot, which shows the receiver biases, has a mean of 19.75 TECu, and the lower 
plot (satellite biases) has a mean of 6.35 TECu. These values are broadly in agreement 
with those found in the literature (Mannucci et al, 1998).
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Figure 3.9: Satellite and receiver inter-frequency biases computed for 28-Mar-2001.
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Figure 3.10: Inter-frequency biases computed for receiver ‘bshm’ on 28-Mar-2001.
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Figure 3.11: Mean inter-frequency biases computed for 28-Mar-2001 at 12:00 UT. Up­
per plot shows the receiver biases, with a mean of 19.75 TECu. Lower plot shows 
satellite biases, with a mean of 6.35 TECu.
Sum m ary
In the first section of this Chapter, an introduction of TEC measurement and mapping 
was presented. The thin shell and the full four-dimensional inversion methods of TEC 
mapping were introduced. Some applications of TEC mapping were then discussed. In 
particular, the use of TEC mapping to compute corrections for the ionospheric signal 
delay error due for subsequent broadcast to single-frequency GPS users was discussed. 
This is an important application that will permit the use of single-frequency GPS re­
ceivers in civil aircraft navigation. Other applications of TEC mapping were discussed, 
such as those involving the design and analysis of radio communications links and re­
mote sensing of the Earth’s near-space environment for pure scientific research. The 
role of analytic models developed from remote sensing techniques was also discussed. 
In the second section, the development of the TEC measurement was considered, start­
ing from the Appleton-Hartree equation. An expression for a TEC measurement that 
is both absolute and noise-free was developed, although it was shown that the inter­
frequency biases remain. The two methods of combining TEC measurements to form 
maps of vertical TEC, the thin shell algorithm and the full four-dimensional inversion, 
were introduced. In the final section, a general description is given of the procedure 
for using the MIDAS algorithm for constructing maps of ionospheric TEC by thin shell 




Simulations of Thin Shell and 
Inversion - a preliminary study
Abstract
In this Chapter, a short study using a simulated ionosphere generated from the IRI 
model is presented. Using the real locations of GPS satellites and fixed dual-frequency 
GPS receivers, reconstructions are made for three days using the thin shell and full 
inversion techniques. The purpose of this is to determine whether the inversion method, 
which makes use of the height dimension, is capable of giving a more accurate slant 
TEC estimate than the thin shell method, which does not. Two European locations, 
Milan and Hamburg, were chosen to represent the positions of single-frequency GPS 
users and the slant TEC is computed between each user position and the satellites in 
view. Taking the model ionosphere as ‘tru th ’, the slant TECs computed using both 
techniques are compared in order to quantify the TEC errors. In each case, the full 
inversion produced smaller errors than the thin shell method.
4.1 M ethod
The method adopted in this Chapter is that of Meggs et al. (2004). Three days in 
September 2000, which are listed in Table 4.1, were chosen for geomagnetic conditions 
ranging from ‘quiet’ to ‘disturbed’, and the Kp indices obtained from the World Data 
Centre at www.wdc.rl.ac.uk. A model ionosphere for each day was simulated using the 
IRI model (Bilitza, 1990). The model inputs were the latitude, longitude and altitude
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Table 4.1: Geomagnetic conditions for September 2000 days.
Date
3-hourly Kp indices (source: www.wdc.rl.ac.uk)
Ap
03 06 09 12 15 18 21 24
09 Sep 2000 3 2 2 2 2 2 1 2 7
24 Sep 2000 1 0 1 2 3 3 3 3 10
30 Sep 2000 3 4 6 6 5 5 5 5 45
limits, time, IG12 ionospheric index and sunspot number (RZ12), and the output of 
the model is the vertical electron density profile at the specified location. An example 
showing the model ionosphere on the Greenwich longitude for 24 September is shown 
in Figure 4.1. A large-scale depletion in electron density known as the main, or mid-
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Figure 4.1: A longitudinal cut through the IRI model at 0°longitude, for 24 September 
at 21:00 UT.
latitude, trough is found in the night-time ionosphere at mid latitudes. Since it is not 
shown in the IRI model, a dynamic representation of the trough was superimposed 
on the IRI model ionosphere for the night-time simulations. The trough was modelled 
using an exponential function, shown in Equation 4.1, to scale the electron density field 
of the model.
( 0  — 0 t ) '  2
A s im  — A m0(jel 1 — d exp ( — w
(4.1)
Here, iVsjm is the electron density to be used in the simulation, Nmo<iei is the electron 
density field computed by the IRI model, d is the maximum depth of the electron density 
depletion inside the trough, w is the trough width, © is the geographical latitude and 
© t is the trough latitude, d was set to a value of 0.5, meaning that the minimum 
electron density inside the trough will be half that at the same latitude in the absence 
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Figure 4.2: The model trough density factor plotted as a function of latitude.
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Figure 4.3: A longitudinal cut through the IRI model at 0°longitude, for 24 September 
at 21:00 UT. The trough is the obvious depletion of electron density at about 59°N.
the auroral region, the trough was made to be asymmetric using the following rule:
For 0  < 0  / : w = 7°
For 0  > 0 T : w =  5°
Figure 4.2 shows the resulting shape of the trough as a function of latitude. The 
position of the night-time trough minimum was defined using Equation 4.2, taken from 
Collis and Haggstrom (1988):
0 T =  62.2 -  1.6Kp  -  1.35* (4.2)
where 0 ^  is the trough latitude as before, Kp  is the geomagnetic index and t is the 
local time difference in hours from midnight. An example of the resulting model iono­
sphere with the trough included is shown in Figure 4.3. Twelve GPS receivers situated 






Figure 4.4: Locations of fixed GPS receivers used in the simulation study.
tional GPS Service), and the receiver observation and satellite orbital data files for all 
3 days were obtained from the Scripps Orbit and Permanent Array Center (SOPAC) 
archive at http://sopac.ucsd.edu/. All GPS satellites in view from the receivers were 
used for the simulation, subject to a minimum elevation limit of 15° from each receiver 
location. No account was taken of the local topography at each site. TEC observa­
tions were simulated by integration through the IRI model between each GPS satellite 
and receiver, and the resulting model ionospheres were taken as the truth to which 
the simulated reconstructions were related. The inter-frequency biases, multipath and 
tropospheric sources of error were neglected. The MIDAS program was then used to 
generate vertical TEC maps from the simulated observations at a range of horizontal 
resolutions, for both thin shell and full inversion. The inversion is an under-determined 
problem due to the sparse nature and geometrical bias of the GPS satellite-to-ground 
measurements, and so the solution must be stabilised. The approach adopted here was 
to use a model in which the vertical structure is represented by an orthogonal basis 
set derived from a range of modelled conditions or mathematical functions, and the 
horizontal structure is represented by spherical harmonics. Chapman functions were 
used in this study, although the basis set can be formed from any ionospheric model. 
See Chapter 3, Subsection 3.3.3 for a description of the MIDAS algorithm.
The full inversions encompassed a height range of 80 km to 1180 km in increments 
of 50 km, and the thin shell reconstructions used a shell height of 400 km. Identical 
time evolution terms were implemented in both methods as described in Mitchell and 
Spencer (2003). Both techniques were applied using five different horizontal resolutions 





Figure 4.5: Locations of user receivers at Milan and Hamburg.
45.5° N, 9° E and Hamburg at 53.5° N, 10° E (see Figure 4.5), were chosen to represent 
single-frequency GPS users who require real-time ionospheric corrections. The accuracy 
of the TEC determination in the two techniques was assessed by comparing the true 
slant TEC (obtained by integration through the original model) from the test locations 
with the corresponding slant TEC using Equation 4.3:
shell or the inversion method, and Np is the number of satellite to ground paths.
4.2 Results
Two maps of vertical TEC for the late evening (21:00 to 22:00 UT) of the disturbed 
day, 30th September 2000, are shown in Figure 4.6. The model ionosphere gave a mean 
slant TEC of 19.1 TEC units (TECu - 1 TECu is equivalent to 1016 electrons m'2) over 
all ray paths from the Hamburg test location in this period. In Figure 4.6(a), the TEC 
map has been generated using a thin shell at 400 km, with a grid size of 5° in both 
latitude and longitude. The mean slant TEC in the thin shell was 18.7 TECu, so the 
thin shell has under-estimated the TEC. Figure 4.6(b) shows a TEC map generated 
from a full inversion, with a grid size of 1° in latitude and longitude. In this case, the 
mean slant TEC was 19.3 TECu, i.e. an over-estimate of TEC. In each case that was
£ ( I m  ~  h ) 2i—l (4.3)




Figure 4.6: Two maps of vertical TEC for a user at Hamburg on 30 September at 21:00 
UT., generated from (a) thin shell at 400 km, and (b) full inversion. The colour bar is 
common to both maps.
examined, the absolute value of the inversion TEC error was found to be lower than 
the thin shell TEC error.
In Figure 4.7, separate graphs are shown for TEC errors from Milan and Hamburg, 
and for daytime and night-time. The horizontal grid spacing in degrees is shown on 
the x-axis, and the y-axis shows the error in metres computed by Equation 4.3. The 
thin shell errors are represented by diamonds and the full inversion by squares. The 
results show that, as the horizontal resolution is decreased, the accuracy is improved, 
as expected. They also indicate that the full inversion method is capable of giving an 
overall improvement in accuracy compared to the thin shell.
A further exercise concerns the optimal height for the shell, about which there is much 
debate in the literature. Birch et al. (2002) present a discussion in which they suggest 
that the optimum height should be as much as 750 km - 1200 km in order to allow for 
the protonospheric contribution. More commonly used figures are 350 km (Mannucci 
et a/., 1993), 400 km (Ciraolo and Spalla, 1997) and 450 km (Mannucci et al., 1998). 
The procedure used above was carried out for a range of shell heights and the slant 
TEC error was plotted in Figure 4.8. It can be seen that, in this case, the error is a 
minimum when the shell height is set to 400 km.
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Figure 4.7: The errors in metres for the thin shell and the full inversion. The upper 




Figure 4.8: TEC errors for a range of thin shell heights.
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4.3 Discussion
The simulation work presented here has some shortcomings that may offer advantages 
for both TEC mapping techniques. The simulated ionosphere used here is based on 
an empirical model, which contains no small-scale features of less than 100 km. The 
IRI grid size is 4° in longitude, 1° in latitude and 25 km in height, and so there 
are no small-scale irregularities that can cause phase jumps in the simulated TEC 
records. Furthermore, multipath effects were not modelled in the simulation, and the 
local topography for the receiver sites was ignored. It was therefore assumed that all 
satellites were visible from all sites down to the 15° elevation angle.
It should be noted that, in addition to the multipath effects, the inter-frequency biases 
and the tropospheric delay were not taken into account. Also, straight-line propagation 
was assumed, since the voxels are large in comparison with the scale of the ray bending. 
Since all of these factors are common to the thin shell and the full inversion, their 
omission would not be expected to favour either technique.
The results suggest that there is an advantage in using smaller grid spacings in the 
reconstruction. There are two reasons for this. Firstly, the smaller grid spacing allows 
the voxels to be smaller, and hence the TEC integration is smoother. Secondly, recon­
structions of electron density are better defined on a smaller grid. This is not simply a 
matter of interpolation, but because there is more information contained in the smaller 
grid. However, there would be no point in making the reconstruction grid smaller than 
the IRI grid size as there is no further information to be gained from doing so. The size 
of the IRI grid size therefore represents the lower limit to the size of the reconstruction 
grid for the simulations.
A valid conclusion of this simulation study is that the full inversion can give a better 
estimate of the slant TEC than the thin shell.
4.4 Summary
The feasibility of using a four-dimensional inversion technique to estimate the slant 
TEC has been demonstrated. Using a minimal network of European fixed GPS receivers 
and real satellite positions, reconstructions using the thin shell and the full inversion 
methods were made, and each was compared to a simulated ionosphere. The results 
were computed across 24 hourly inversions and five different horizontal resolutions.
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This study has indicated that the four-dimensional (full) inversion of GPS data is a 
feasible approach to the problem of imaging the ionosphere at mid-latitudes, and offers 
certain advantages over the thin shell method by overcoming problems associated with 
mapping functions, as described in Chapter 2. In the next Chapter, a long term study 
is presented of the inversion method, using real GPS observation data from a more 




Sim ulations and experim ental 
work - a long term  study
Abstract
In Chapter 4, a short simulation study was presented in which thin-shell and full- 
inversion reconstructions were compared with a simulated ionosphere. An extended 
study is presented in this Chapter. Using observation data from an extensive network 
of fixed GPS receivers situated in Europe, images of the ionosphere are produced using 
both the thin shell and the MIDAS full inversion methods. Twenty-five days in 2001 
have been selected for the work of this Chapter, which divides into three well-defined 
studies. In the first, a simulated ionosphere is used as truth, against which the vertical 
TEC obtained by the thin shell and the full inversion techniques can be compared. In 
the second study, thin shell and full inversion reconstructions are made using the same 
satellite and receiver geometry as in the first study, but with measurements of real 
slant TEC. A qualitative comparison is made between each technique and the input 
measurements. In the third study, errors in the slant TEC derived from the MIDAS 
images are estimated by comparing slant TEC measurements with the corresponding 
integrated paths through the full inversion grid of electron density.
5.1 Introduction and m ethod
In this Chapter, an extended study is presented, in which thin shell and full inversion 
images of the ionosphere are made for 25 days throughout 2001, in both simulated and
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experimental cases. At least one geomagnetically quiet day, and one geomagnetically 
disturbed day, were selected from each month by consulting the Kp indices for 2001 at 
the World Data Centre (www.wdc.rl.ac.uk). The selected days are listed in Table 5.1, 
together with with their 3-hourly Kp indices and Ap values.
Table 5.1: Geomagnetic conditions for the selected days of 2001.
Date
3-hourly Kp indices (source: www.wdc.rl.ac.uk)
Ap03 06 09 12 15 18 21 24
01 Jan 2001 0 0 1 1 1 0 1 1X 3
24 Jan 2001 2 3 1 4 5 4 4 3 18
04 Feb 2001 0 0 0 0 1 1 1 0 2
13 Feb 2001 2 4 4 3 3 4 4 4 19
16 Mar 2001 0 0 0 0 1 2 2 1 2
28 Mar 2001 2 2 4 6 6 4 3 4 31
11 Apr 2001 3 3 3 2 4 8 6 7 60
30 Apr 2001 1 0 0 0 1 3 3 1 5
06 May 2001 1 0 2 2 3 3 2 2 7
12 May 2001 4 2 4 6 6 4 3 4 34
31 May 2001 1 0 0 1 3 3 2 2 7
18 Jun 2001 2 5 5 6 5 3 4 4 34
28 Jun 2001 0 0 1 2 2 3 2 2 5
04 Jul 2001 2 2 1 2 3 3 2 3 8
25 Jul 2001 3 4 5 4 3 4 4 3 22
17 Aug 2001 1 1 2 4 5 5 6 5 29
24 Aug 2001 1 1 1 1 2 2 2 1 4
07 Sep 2001 1 0 1 1 3 3 1 3 6
23 Sep 2001 0 3 5 4 5 5 5 4 27
07 Oct 2001 0 0 0 1 2 2 2 2 4
22 Oct 2001 6 5 4 6 5 7 6 5 66
06 Nov 2001 8 8 7 5 6 7 5 5 112
27 Nov 2001 1 0 0 0 0 2 1 1 2
09 Dec 2001 2 0 0 1 1 1 2 1 3
24 Dec 2001 3 3 5 4 4 4 3 2 19
In the work of Chapter 4, a minimal network of twelve fixed dual-frequency GPS 
receivers in European locations was selected. In this study, the more extensive receiver 
network shown in Figure 5.1 is used. There are currently many hundreds of suitable 
dual-frequency receivers distributed throughout the world, and their observation files 
are readily available free of charge from the SOPAC archive at http://sopac.ucsd.edu. 
Satellite orbital data files are also available from the same source. Care was taken in 
the selection of the receivers to ensure a good distribution over mainland Europe
The receiver observation files contain both pseudo-code and carrier phase path length 
measurements, which are recorded at 30 s intervals. In the present study, the measure-
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Figure 5.1: Locations of fixed GPS receivers (note that the receiver idents have been 
omitted for clarity).
ments were under-sampled by a factor of 4, giving one observation every 2 minutes, 
which is adequate for the inversion technique. The measured TEC vector, b (in Equa­
tion 3.30), used in the inversions was formed from dual-frequency code and carrier- 
phase measurements in the manner described in subsection 3.2.2. After calibrating the 
pseudo-code to the carrier phase code measurements, the TEC measurement is abso­
lute and free of multipath and noise effects, but still contains the satellite and receiver 
inter-frequency biases.
For the simulation studies, an artificial ionosphere was constructed for each of the 25 
test days, using the IRI-95 model (Bilitza, 1990). The inputs to the model are: time, 
geographical position, IG12 index and RZ12, and the model returns the electron density 
profile for the specified geographical position and time.
Using the procedure outlined in Chapter 3, thin shell and full inversion reconstructions 
were generated for all 25 days, in both simulated and experimental cases. The same 
satellite and receiver geometry is used in each case. After running the full inversion, 
the daily mean inter-frequency biases are calculated as described in subsection 3.4.3. 
These were then used to correct the TEC measurements that are used in the slant TEC 
study using real data.
Shell altitudes found in the literature generally range from 300 km to over 700 km, with 
most in the 350 - 450 km range. The choice of shell altitude used here was based on 
the work of the previous Chapter and on Mannucci et al. (1998). In Figure 5.2, Figure 
4.8 from Chapter 4 is reproduced, and a cubic fit (blue curve) has been superimposed
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on the original data (red data points). The cubic fit has a minimum at about 426 km. 
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Figure 5.2: TEC errors for a range of thin shell heights, with cubic fit applied.
A vertical TEC map was plotted for each hour and each day, for the model and for 
the reconstructions. Then, taking the IRI-95 model ionosphere as truth, the question 
under consideration here is: If the true ionosphere is the one generated by the IRI-95 
model, how well can that ionosphere be reproduced by (a) MIDAS inversion and (b) a 
thin shell model?
5.2 Vertical TEC  from sim ulations
In this section, thin shell and full inversion TEC maps are compared with a simulated 
ionosphere (‘truth’), which was generated using the IRI-95 model. The example results 
presented are for the 28th March 2001, a geomagnetically disturbed day with Kp values 
ranging from 2 to 6 (see Table 5.1). The inversions are carried out at hourly intervals 
throughout the day, and four hours have been chosen for discussion in this section. 
Mean vertical TEC errors for each hour in the 25-day data set are also presented.
The four hours that have been chosen for examination are 03:00 UT, 06:00 UT, 14:00 
UT and 18:00 UT. The diurnal pattern of ion production and loss has been described in 
Chapter 2, but a brief recap is given here. During the night-time, the absence of solar 
radiation means that there are no electron production processes active, but recombina­
tion and other electron loss processes continue regardless. Electron concentration falls 
to a minimum at about 03:00 local time, at which time average vertical TEC values
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Table 5.2: Local time at longitudinal edges and centre of images.
UT
Local time at longitude
10°W 15°E 40° E
03:00 02:20 04:00 05:40
06:00 05:20 07:00 08:40
14:00 13:20 15:00 16:40
18:00 17:20 19:00 20:40
can be expected to be around 3 TECu. At sunrise, solar radiation starts to trigger 
production of electrons, and strong horizontal TEC gradients can be expected as the 
ionosphere transits from the night-time regime to the daytime. Since 28th March is 
close to the vernal equinox, 06:00 UT was taken as an appropriate time for the sunrise 
period. Ionisation continues to increase during the morning and early post-noon peri­
ods, causing TEC levels to reach their maximum value between 14:00 and 15:00 local 
time. The intensity of the ionising solar radiation decreases during the afternoon and 
the transition from the daytime regime to the night-time commences at sunset. During 
this period, levels of TEC start to decay and strong horizontal TEC gradients can be 
expected. Again, with 28th March being close to the vernal equinox, 18:00 UT has been 
chosen. The TEC maps are all identified by universal time (UT). The equivalent local 
time for the western, central and eastern longitudes of the image region are given in 
Table 5.2.
5.2.1 V ertica l T EC  - 28 M arch 2001 at 03:00 U T
The first example results can be seen in Figure 5.3, which shows four TEC maps for 
28th March 2001 at 03:00 UT. The Kp index at this time was about 2, indicating low 
geomagnetic activity. The IRI-95 model ionosphere (truth) is shown in Figure 5.3(a), 
which exhibits vertical TEC values ranging from about 12 TECu over the southern 
Baltic Sea to about 30 TECu in the extreme south-west of the imaged region. Figure
5.3 (b) shows the equivalent vertical TEC at the points at which the receiver-to-satellite 
raypaths intersect with a 450 km shell. Since the plot is generated from the measured 
slant TEC, corrected for inter-frequency biases as described in Chapter 3, it represents 
the average state of the ionosphere over a 1-hour period, and hence is a useful visual 
check that the inversion is a reasonable representation of the ionosphere. The sampling 
interval is 2 minutes, thus there is a maximum of 30 points per hour for any receiver 
to satellite path.
The TEC map at Figure 5.3 (c) has been produced using the full MIDAS inversion. A
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Figure 5.3: TEC maps for 28 March 2001 at 03:00 UT: (a) Model ionosphere from 
IRI-95, (b) input to reconstructions, (c) vertical TEC map from MIDAS and (d) vertical 
TEC map from thin shell.
visual inspection reveals that there is good overall agreement with the model ionosphere 
at Figure 5.3 (a). Closer inspection reveals that the inversion has slightly underesti­
mated the vertical TEC value near the minimum over southern Sweden and Poland. 
The values of vertical TEC can be seen to range from about 10 TECu over the southern 
Baltic Sea, to a maximum of about 25 TECu in the south western corner, with some 
distortion of the contours evident near the TEC maximum. A comparison with the 
input plot at (b) further confirms that the TEC measurements through the model have 
produced a reasonable representation of the ionosphere.
Figure 5.3 (d) shows a vertical TEC map of the model ionosphere produced using a thin 
shell at 450 km. It is immediately clear from visual comparison with the model that 
the thin shell has not reproduced the ionosphere as closely as did the full inversion. In 
particular, the steep TEC gradients in the south western corner of the model have not 
been well reproduced by the thin shell model. The TEC minimum over the southern 
Baltic is also less well defined. TEC values can be seen to range from about 12 TECu 
in the east to about 21 TECu in the south west.
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Figure 5.4: Contour plots of absolute errors in TECu between (a) MIDAS inversion 
and the model, and (b) thin shell and the model.
In order to quantify the errors in the reconstructions, the vertical TEC values computed 
by the MIDAS inversion and the thin shell were each differenced with the values of ver­
tical TEC in the original model. Figure 5.4 shows the distribution of the absolute errors 
over the imaged region. These were computed from error = TECimage ~ TEC modei- 
Green contours indicate small errors, and hence the reconstruction has computed the 
model vertical TEC correctly. Positive error values (in the red direction) indicate that 
the reconstruction has overestimated the model vTEC, and negative values (blue di­
rection) indicate that the reconstruction has underestimated the model vTEC. Note 
that the colour range for the MIDAS errors is from -3 to +3 TECu , and for the thin 
shell errors the range is from -4 to +4 TECu .
In Figure 5.4 (a), the errors in the MIDAS inversion for 28th March 2001 at 03:00 UT 
can be seen. In general, the MIDAS inversion has underestimated the model vTEC 
by about 1 to 2 TECu . There are small regions in which the model vTEC has been 
overestimated by less than 1 TECu unit, but these are very close to the edges of 
the imaged regions and may have been caused by inadequate receiver coverage at the 
extremes of the imaged region. Comparing this with the thin shell errors shown in 
Figure 5.4 (b), it can be seen that the errors are generally slightly larger, ranging from 
an underestimate of about 4 TECu to and overestimate of about 2 TECu . It is also 
noticeable that the thin shell TEC error map exhibits more variability than the MIDAS 
inversion TEC error map.
(b ) S h e ll Errors(a ) M ID A S  Errors
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5.2 .2  V ertica l T E C  - 28 M arch 2001 at 06:00 U T
The TEC maps for 28th March 2001 at 06:00 UT are shown in Figure 5.5. As this is the 
sunrise period at this time of the year, sharp horizontal TEC gradients can be expected 
as the night-time ionosphere transits to the day-time. The geomagnetic activity is still 
low, as indicated by the Kp index of 2 (Table 5.1).
Following the same pattern as in subsection 5.2.1, the simulated TEC (i.e., ‘tru th’) is 
in Figure 5.5 (a), and the input plot is in Figure 5.5 (b). The simulated ionosphere 
displays a smooth west-east gradient, with TEC ranging from about 10 TECu in the 
west to about 40 TECu in the south-east. This is in agreement with the input plot. The 
sun would be at about 90° E at this time, so the elevated TEC levels in the south-east 
are as expected.
The inversion TEC maps are in Figure 5.5 (c) and (d). Comparing these qualitatively 
with the simulated ionosphere, it is immediately apparent that the full MIDAS inver­
sion has reproduced the TEC distribution much more closely than the thin shell. Closer 
inspection of the full inversion TEC map reveals some distortion of the contour lines, 
particularly along the southern boundary of the image region. This may be due to un­
favourable satellite-receiver geometry. However, this distortion is minor in comparison 
with the thin shell TEC map, in which the smooth west-east gradient observed in the 
model has not been well reproduced. Indeed, the thin shell has seriously overestimated 
the TEC in the west of the imaging region, underestimated the TEC in the east, and 
seriously distorted the TEC contours.
The absolute errors in vertical TEC, shown in Figure 5.6, were computed in the same 
way as those in the previous subsection. It can be seen from Figure 5.6 (a) that the 
full MIDAS inversion has produced absolute TEC errors that are generally less than 
30% of those in the thin shell. Generally, the full inversion method has underestimated 
vertical TEC over mainland Europe by less than 2.5 TECu. Over Scandinavia, vertical 
TEC has been overestimated by 1.5 TECu or less. On the other hand, Figure 5.6 
(b) reveals that the thin shell has overestimated the vertical TEC in the west of the 
imaging region by about 10 TECu, and in the east it has underestimated vertical TEC 
by about 5 TECu.
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Figure 5.5: TEC maps for 28 March 2001 at 06:00 UT: (a) Model ionosphere from 
IRI-95, (b) input to reconstructions, (c) vertical TEC map from MIDAS and (d) vertical 
TEC map from thin shell.
(a) MIDAS Errors














Figure 5.6: Contour plots of absolute errors in TECu between (a) MIDAS inversion 
and the model, and (b) thin shell and the model.
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5.2.3 V ertical TEC - 28 M arch 2001 at 14:00 U T
The next example (see Figure 5.7) shows the four TEC maps for 28th March 2001 at 
14:00 UT. This is the time of day at which TEC levels are likely to be at their max­
imum. Furthermore, the Kp index at this time was about 6, indicating moderately 
high geomagnetic activity. The simulated ionosphere generated from the IRI-95 model 
is shown in Figure 5.7 (a), and shows TEC levels to be elevated compared to those at 
03:00 UT (see Figure 5.3) due to the diurnal variation in TEC. A steep TEC gradient 
can be seen over North Africa and the Mediterranean, which is reproduced quite faith­
fully in the MIDAS TEC map of Figure 5.7 (c). The region of highest TEC is to the 
south west of the image, which is consistent with the expected position of the sun at 
14:00 UT. There is also good agreement between the model and the MIDAS image with 
respect to the structure in the east of the imaging region. This structure is evident 
in the input plot of Figure 5.7 (b). To the north and west of the MIDAS image some 











Figure 5.7: TEC maps for 28 March 2001 at 14:00 UT: (a) Model ionosphere from 
IRI-95, (b) input to reconstructions, (c) vertical TEC map from MIDAS and (d) vertical 
TEC map from thin shell.
(a) Model TEC
























Figure 5.8: Contour plots of absolute errors in TECu between (a) MIDAS inversion 
and the model, and (b) thin shell and the model.
The thin shell TEC map is shown in Figure 5.7(d). It is immediately apparent that the 
vertical TEC distribution is less well represented than in the MIDAS inversion image. 
The steep TEC gradient seen in the south of the IRI-95 model is also evident in the 
thin shell reconstruction, but the thin shell has not reproduced the gradient as closely 
as the MIDAS image. Some levelling out of the gradient can be seen at the southern 
edge. Also, the structure to the east of the region is entirely absent in the thin shell 
image. Some distortion of the contours is also evident in the over the United Kingdom 
and the North Sea.
The vertical TEC errors in the MIDAS and the thin shell images are plotted as con­
tours in Figure 5.8. Here again, the errors were computed using error = TECimage — 
T  EC model • In both plots, green regions indicate small error, red regions indicate that 
the model has been overestimated by the image, and blue regions indicate an underes­
timate of the model. In this case, the colour range for the MIDAS errors is from -3 to 
+3 TECu , and for the thin shell errors the range is from -10 to +10 TECu .
Taking the MIDAS inversion errors first (see Figure 5.8(a)), the artificial structure that 
was evident in the MIDAS TEC map above appears as a region of large positive error 
- in the order of 3 TECu. This would be equivalent to a path length error of about
0.5 m on the GPS LI frequency. Elsewhere, the MIDAS inversion image has generally 
overestimated the model by about 1 TECu unit (0.163 m at LI). A small underestimate 
of less than 1 TECu unit can be seen between Scotland and Iceland, and this may be 
associated with poor receiver coverage.
The thin shell errors are shown in Figure 5.8 (b). Here, there are large positive errors 
on the eastern side of the image region, rising to 10 TECu in places. This is equivalent 
to about 1.6 m at the GPS LI frequency. The errors reduce as the western side is
(b) Shell Errors(a) MIDAS Errors
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approached, and are slightly better than the MIDAS errors in this half of the image 
region.
5.2 .4  V ertical T E C  - 28 M arch 2001 at 18:00 U T
The final example shows the sunset ionosphere for 28th March 2001 at 18:00 UT. From 
Table 5.1 the Kp index is now 4. Figure 5.9 (a) shows the simulated ionosphere, in 
which the regions of highest TEC (about 50 TECu) can be seen in the west and south 
as expected. A smooth east-west horizontal TEC gradient can be observed, with TEC 
values falling to about 20 TECu in the extreme east. The input plot, Figure 5.9 (b), 
shows the measured vertical TEC computed from bias-corrected TEC measurements. 
This agrees with the model, since TEC values in the order of 50 TECu can be seen in 
the west and south, and values of about 20 TECu are evident in the east.
The inversions are shown in Figure 5.9 (c) and (d). Here again, the full MIDAS inversion 
displays good agreement with the model, with the easterly TEC gradient being well 
reproduced. Some distortion of the TEC contours is evident, but this is minimal. The 
thin shell has reproduced the model reasonably well only in the south of the imaging 
region, over North Africa. This may be because the receiver-satellite geometry was 
favourable at this time. However, the thin shell has again failed to reproduce the main 
easterly TEC gradient that was evident in the model. TEC in the west of the imaging 
region, from the Southern Spain northwards, has been seriously underestimated. The 
region of about 20 TECu that is evident in the fax east of the model has been moved 
northwards and spread out in the thin shell inversion.
To quantify the errors, Figure 5.10 was plotted using the same procedure as in Sub­
sections 5.2.1 to 5.2.3 above. The errors in the full MIDAS inversion (Figure 5.10 (a)) 
range from about +3 TECu to about -3 TECu. The map reveals negligible errors 
(green areas) over most of mainland Europe. This is probably due to the good receiver 
coverage in this region. Small localised departures from the model are evident in the 
extreme south-east (up to +3 TECu) and the south-west (-3 TECu). The thin shell 
errors (Figure 5.10 (b)) are much larger, ranging from -15 TECu in the west of the 
imaging region to +5 TECu in the east. 15 TECu is equivalent to a path length error 
of 2.5 m on the GPS LI frequency.
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(a) Model TEC





















Figure 5.9: TEC maps for 28 March 2001 at 18:00 UT: (a) Model ionosphere from 
IRI-95, (b) input to reconstructions, (c) vertical TEC map from MIDAS and (d) vertical 
TEC map from thin shell.
(a) MIDAS Errors















Figure 5.10: Contour plots of absolute errors in TECu between (a) MIDAS inversion 
and the model, and (b) thin shell and the model.
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5.2.5 Mean hourly vTEC errors for all sample days
In Subsections 5.2.1 to 5.2.4, the error in vertical TEC over one hour was examined as
the 25-day data set data set are discussed. Denoting the absolute rms error over the 
entire image region for hour h and day d by Eai,s(h, d), then
Here, Iinv is the vertical TEC from the inversion, either thin shell or full MIDAS inver­
sion as required, Imo(i is the vertical TEC from the model, (h, d) represents dependance
reconstruction grid. In the present case with 13 longitude increments and 41 latitude 
increments, N  is 533.
The results were plotted in Figure 5.11, which shows rms vertical TEC errors for full 
inversion, (a), and thin shell, (b), reconstructions for each hour of the data set. On 
the x-axis of each figure, the days in the data set are numbered in the order shown 
in Table 5.1, so that day 1 is 1st January 2001, day 2 is 24th January 2001, etc. The 
hours in each day are shown on the y-axis, with 01:00 UT at the top and 24:00 UT 
at the bottom. The negative y-direction reveals the diurnal pattern of the absolute 
TEC errors can be seen in both plots. Similarly, the seasonal pattern of the absolute 
TEC errors can be seen in the positive x-direction, with larger errors evident in the 
winter due to elevated ionisation associated with the winter anomaly. For the whole 
year, both the full inversion and the thin shell generally reveal rms errors of less than 
1 TECu before 06:00 UT, and after 19:00 UT. However, there are exceptions to this, 
notably in the thin shell plot in which errors of 7.5 TECu can be seen as late as 21:00 
UT on day 5, which is 16th March - a quiet day with Kp index of 2 or less.
Figure 5.12 shows the relative rms errors, Erei, for full inversion, (a), and thin shell, 
(b). These have been computed by normalising the differences between the model and 
the inversion to the model vertical TEC. In this case, Equation 5.1 becomes:
a function of latitude and longitude. In this subsection, the rms errors for each hour in
N
[Iinv{hi d) 2
i= l (5 .1)
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Figure 5.11: Absolute hourly means of vertical TEC errors for the 25 test days, for (a) 



















Figure 5.12: Hourly means of vertical TEC errors expressed as percentages for the 25 
test days, for (a) full inversion and (b) thin shell.
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5.3 Vertical TEC from real measurements
In this section, reconstructions are made for the same times using observations of the 
real ionosphere. Here, the same satellite dynamics and GPS receiver positions were 
used as for the simulated case described above, and the slant TEC for all ray paths 
were then computed from the actual GPS observation data. TEC maps constructed 
from inversions of real sTEC measurements for each hour in the 25-day data set are 
presented in Appendix A.
Figure 5.13 shows the results for the night-time of 28th March 2001 at 03:00 UT. In (a), 
the raw input data (slant TEC measurements) are shown in the form of intersections 
with a shell at 450 km. These measurements consist of the ionospheric delay plus 
the satellite and receiver inter-frequency biases. The ionospheric term was isolated by 
estimating and removing the inter-frequency biases in the manner described in Chapter 
3 (see subsection 3.4.3), producing the result shown in (b). Figure 5.13 (c) shows a 
vertical TEC map produced by the MIDAS inversion using slant TEC measurements 
through the real ionosphere, and Figure 5.13 (d) shows the TEC map produced by the 
thin shell method.
It can be seen that these TEC maps bear little resemblance to those in Figure 5.3 (c) 
and (d), which were generated from the IRI-95 model ionosphere. This is because the 
model ionosphere is based on a monthly median in geomagnetically quiet conditions. 
Consequently, small scale structures tend to be smoothed in time and space, and real 
features that may be present at high latitudes are not visible in the model. Thus the 
accuracy of the TEC map generated from real data cannot be assessed by reference to 
the model. However, in the simulations described above good agreement between the 
MIDAS inversion and the model ionosphere was demonstrated, and since the satellite 
and receiver geometry is the same in both cases, it is assumed that the MIDAS inversion 
in Figure 5.3 (c) is a reasonable representation of the real ionosphere.
The TEC map in Figure 5.13 (c) shows vertical TEC values ranging from about 3 TECu 
in a region covering southern Scandinavia and northern Europe, to about 30 TECu in 
the extreme south western corner of the imaged region. Steep gradients are evident in 
the south west and south east corners. Comparing this with the input plot at (b) it can 
be seen that the overall vTEC distribution is similar. In Figure 5.13 (d), the thin shell 
reconstruction, the vertical TEC values cover approximately the same range as those of 
the MIDAS inversion, but the spatial distribution of the TEC is obviously different. In 
particular, the TEC gradient evident in the south east corner of the MIDAS inversion 
is absent in the thin shell. The bias-corrected input plot clearly shows slant TEC values 
approaching 30 TECu in the south east, so it is quite possible that this is a real feature
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Figure 5.13: Images constructed using real TEC measurements for 28 March 2001 03:00 
UT. (a) Raw input plot, (b) bias corrected input plot, (c) MIDAS vertical TEC map, 
and (d) thin shell vertical TEC map.
that the thin shell has failed to model. The shell has, however, reproduced a steep 
gradient in the south west, albeit with a different spatial distribution.
The results for the dawn period, 06:00 UT, on 28th March 2001 are shown in Figure 
5.14. The raw and the bias-corrected input vTEC plots are shown in Figures 5.14
(a) and (b), and the full inversion and thin shell maps are in Figures 5.14 (c) and 
(d) respectively. From the bias-corrected input plot, some structure revealing vTEC 
up to 60 TECu is evident in the extreme south-east, and the remainder of the region 
displays a maximum vTEC of about 20 TECu. This suggests the presence of a strong 
horizontal TEC gradient to the south-east, which would be consistent with the early 
morning gradients associated with the transition from the night-time ionosphere to the 
daytime. In the full inversion map, a strong gradient is indeed visible in the south­
east, and the remainder of the region reveals values of vTEC up to 20 TECu, although 
vTEC across mainland Europe is slightly lower than would be expected from the bias- 
corrected input plot. However, the thin shell displays vTEC values over mainland 
Europe that are closer to those predicted by the input plot, but the gradient in the 
south-east has not been well reproduced. Indeed, the horizontal gradients that are
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Figure 5.14: Images constructed using real TEC measurements for 28 March 2001 06:00 
UT. (a) Raw input plot, (b) bias corrected input plot, (c) MIDAS vertical TEC map, 
and (d) thin shell vertical TEC map.
evident in the full inversion have, in general, been levelled somewhat.
In Figure 5.15 the images constructed from real TEC measurements for 28th March 
2001 at 14:00 UT are shown. Again, the raw and bias corrected input data are shown 
in (a) and (b). From the bias corrected inputs (b), vertical TEC values of less than 
30 TECu (blue) can be expected north west of a line running from the north western 
corner of Spain to southern Finland. A distinct yellow band of about 50 TECu can also 
be expected running from southern Spain to the Black Sea. The maps of vertical TEC 
by MIDAS and thin shell are shown in (c) and (d). Since the MIDAS images in the 
simulation study produced smaller errors than the thin shell, and the satellite to receiver 
geometry is unchanged, the MIDAS image produced from real TEC measurements is 
assumed to be closer to the real ionosphere. Comparing the TEC maps with the bias 
corrected input plot in (b), two distinct regions of low TEC values (less than 30 TECu) 
are evident in the north and the west of the MIDAS map, but only in the north of the 
thin shell map. Some structuring is apparent in the north of both TEC maps. This 
may be be evidence of a daytime trough, which can be seen more clearly in the sequence 
of images in Figure 5.20. TEC levels in the west of the thin shell map, particularly
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Figure 5.15: Images constructed using real TEC measurements for 28 March 2001 14:00 
UT. (a) Raw input plot, (b) bias corrected input plot, (c) MIDAS vertical TEC map, 
and (d) thin shell vertical TEC map.
over the UK, are higher than in the MIDAS map by about 5 TECu. A distinct band 
of TEC values of about 50 TECu (yellow) extending from the Black Sea to southern 
Spain is evident in both maps, but is further south in the thin shell. This has led the 
thin shell to underestimate the vertical TEC over the eastern Mediterranean. The TEC 
gradients are generally not as steep in the thin shell map, although there are localised 
exceptions to this.
The TEC maps for the dusk period, 18:00 UT, on 28th March 2001 are shown in Figure 
5.16. The bias-corrected input plot in Figure 5.16 (b) shows evidence of a strong 
horizontal TEC gradient in the south, ranging in value from 80 TECu down to about 
40 TECu. This gradient is reproduced in both the full inversion (Figure 5.16 (c)) and 
the thin shell (Figure 5.16 (d)) TEC maps. Another horizontal gradient is evident in 
both techniques, crossing the region from east to west over southern Scandinavia and 
northern Scotland. This may be the beginnings of the mid-latitude night-time trough, 
the development of which can be seen in Figure 5.20. The gradient appears to be less 
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Figure 5.16: Images constructed using real TEC measurements for 28 March 2001 18:00 
UT. (a) Raw input plot, (b) bias corrected input plot, (c) MIDAS vertical TEC map, 
and (d) thin shell vertical TEC map.
In this subsection, the results of inverting real slant TEC measurements for four hours 
during the day of 28th March 2001 have been discussed. The hours selected represented 
the night-time, dawn, daytime and dusk ionospheric regimes. Thin shell and full in­
version vTEC maps were compared qualitatively with the vTEC at the intersections 
of the TEC measurements with a 450 km shell.
5.3.1 H ourly m aps o f vertical TEC
In this subsection, maps of vertical TEC are presented for every hour of 28th March 
2001. Figures 5.17 and 5.18 show the horizontal distribution of simulated (i.e., IRI-95) 
vertical TEC at the start of every hour, for the pre-noon and post-noon periods re­
spectively. As expected, the diurnal variation of the ionisation can be seen rising to 
a maximum around midday and falling back to a minimum during the night. The 
night-time TEC values are generally less than 10 TECu, whilst in the daytime TEC 
values can be seen to rise to a maximum of about 80 TECu. The areas of highest 
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the imaging region, confirming the solar dependency of the ionisation processes. The 
TEC maps also reveal large TEC gradients in the dawn and dusk periods. The dawn 
gradient starts to appear in the east at about 05:00 UT, and by 09:00 UT has largely 
passed through the imaging region to the west. A steep TEC gradient is evident in the 
south of the region from about 10:00 UT until 17:00 UT. The dusk gradients start to 
appear at about 16:00 UT and persist until 22:00 UT. Over the centre of the region 
around midday and midnight, the gradients are fairly small, with TEC values of about 
50 TECu in the daytime and about 5 TECu at night.
Figures 5.19 and 5.20 show vertical TEC maps at the start of every hour of 28th March 
2001, constructed from full inversions of real measurements. Generally, these show low 
values of TEC during the night-time (up to 10 TECu). However, in the first three 
hours there is localised structure in the south-west in which the TEC has reached quite 
high values, up to about 70 TECu in the case of 00:00 UT. Over the three-hour period, 
the structure can be seen to move to the south-west and decay. Since there are no 
production processes active at local night-time, this structure is probably a remainder 
from the previous day. A small area of data in the extreme north-east of the 02:00 
UT image is missing. This is believed to be caused by an error in the inversion that 
resulted in negative values of vertical TEC in that region.
Dawn gradients start to appear at about 07:00 UT, but they are less distinct than those 
of the simulated ionosphere and merge very quickly into the daytime gradients that are 
evident along the southern edge of the region. The diurnal pattern of the distribution 
is evident in these daytime gradients as they move from east to west, eventually dying 
out altogether around 20:00 UT. The expected dusk gradients are not evident in these 
images, although it is interesting to note the appearance of a trough in the 19:00 UT 
image. The trough can be seen to develop over the remaining five hours of the day.
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Figure 5.17: Hourly vertical TEC maps of IRI-95 simulated ionosphere. 28 March 2001,










Figure 5.18: Hourly vertical TEC maps of IRI-95 simulated ionosphere. 28 March 2001,
12:00 UT to 23:00 UT.
06:00 UT 07:00 UT 08:00 UT
00:00 UT 01:00 UT 02:00 UT
03:00 UT 04:00 UT
09:00 UT 10:00 UT 11:00 UT
Figure 5.19: Hourly vertical TEC maps from real measurements. Full inversion, 28






Figure 5.20: Hourly vertical TEC maps from real measurements. Full inversion 28
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5.4 Slant TEC from real measurements
In this section, the slant TEC errors in the full inversions are examined by comparing 
each measured slant TEC with the corresponding slant TEC computed through the 
full inversion. The thin shell technique is not considered in this section, since it is not 
possible to determine the distribution of electron density along a ray path and hence 
integrate to obtain the computed slant TEC. Again, the 25 days in 2001 are under 
consideration. Recall that, from Chapter 2, the inversion problem is expressed by
Ax =  b (5.3)
where A is a matrix of the path lengths in each voxel, x is a vector containing the 
electron densities in each voxel of the image, and b  is the measured TEC vector. 
Assume that b has been corrected for the receiver and satellite inter-frequency biases 
as described in Chapter 3. Then it follows that, for a perfect reconstruction of the 
measured TECs, the residuals would be equal to zero, i.e.,
Ax -  b =  0 (5.4)
In general, this is not true; the residuals nearly always have a non-zero value. In the 
work of this section, this non-zero value is taken as a measure of the error in the slant 
TEC computed from the inversion.
The procedure adopted here is as follows. The daily mean satellite and receiver hard­
ware biases were estimated for each pair, using the procedure outlined in Chapter 3, 
and added to the measured paths in the input structures. The resulting set of bias- 
corrected measured paths was then clipped in latitude and longitude to discard any
rays that do not traverse the entire vertical extent of the reconstruction volume. To
ensure that only satellites that were above the horizon for the whole hour, any data 
records with less than 30 measured TEC values were also discarded. The remaining 
records therefore contain exactly 30 measurements, and all satellite to receiver paths 
used in the analysis traverse the full vertical extent of the reconstruction grid. To 
improve computational speed, the 15th ray path (i.e. on the half hour) was extracted, 
and the remaining values discarded. This left a total of 107732 ray paths in the whole 
data set, or about 180 ray paths in each of the 600 hours. Finally, using the start and 
end points of each remaining path measurement, the corresponding TEC, Ax, through 
the reconstruction grid was then computed.
At this stage there exist two data vectors: the measured TEC, b, and the inversion 
TEC, Ax. The results are presented as graphs of:
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1. measured TEC values in TECu.
2. absolute error, abs {Ax — b}, in TECu.
3. percentage error relative to b, i.e. abs {(Ax — b )/b} x 100%.
The whole 25-day data set, containing 107732 ray paths, was considered first, then 
the different subsets were considered separately. The following subsections discuss the 
results and present the graphs.
5.4.1 T E C  errors for all te s t days
Figure 5.21(a) shows the measured slant TEC values b in TECu (1 TECu =  1016 
electrons m'2) for all 25 days of 2001. Since there are 600 hours in the 25-day data 
set, each with an average of 180 TEC measurements, the x-axis represents a sequential 
progression in time of all slant TEC measurements in the data set. Thus each of the 25 
peaks visible in the graph represents the diurnal peak in TEC for each day. Counting 
from the left, the peaks correspond to the day numbers, such that the first peak is day 
1 (January 1st) and the second peak is day 2 (January 24th), etc. This applies to all of 
the results in this section.
The diurnal peaks can be clearly seen in Figure 5.21(a), ranging from about 8 TECu in 
January, February, June and July to about 19 TECu in December. The seasonal trend 
is also discernable, with TEC enhancements evident at the equinoxes. Outlying data 
points up to a maximum of 50.5 TECu were recorded. The night-time TEC values 
below about 2 TECu should be treated with caution as TEC values are seldom less 
than 3 TECu at night (Davies and Hartmann, 1997). Unusually high values of slant 
TEC can be observed for the last day in the data set, 24th December 2001, which is 
the subject of separate consideration.
The absolute error in each path was computed by differencing the vectors of measured 
and computed TEC values, i.e. abs {Ax — b}, and is shown in Figure 5.21(b). Whilst 
the individual diurnal patterns are less distinct, the seasonal variability is still evident 
and the enhancements at the equinoxes agree well with those shown in the previous 
plot. The maximum absolute error was 49.1 TECu, which corresponds to an excess 
path length of 8 m on the GPS LI frequency. The mean error, however, was only 0.35 
TECu, or about 6 cm at LI, with a standard deviation of 0.68 TECu (11 cm).
Figure 5.21(c) shows the relative percentage errors, abs {(Ax — b)/b}. Here, the sea­



























Figure 5.21: All measured TEC and errors 2001: (a) Measured TEC, (b) absolute 
errors and (c) the relative percentage error.
84
be due to the fact that the nights are longer in winter and so the percentage errors 
(relative to b) will be larger. A few very large values of were recorded for the relative 
errors, up to 9867%. There were caused by abnormally small values of measured sTEC
(b). The mean value of this set of relative errors is 14%, with standard deviation of 
51%.
5.4.2 Errors after e lim in ating  T EC  m easurem ents o f  less th an  2 T E C u
Since the night-time levels of TEC generally reach a minimum of about 3 TECu (Davies 
and Hartmann, 1997), the results shown in the previous section may have been biased 
by the inclusion of very low measured TEC values. Here, measured TEC values of 2 
TECu or less have been excluded, leaving a total of 79399 ray paths, and the results 
plotted in Figure 5.22. This still includes any night-time TEC values of around 3 
TECu. The measured TEC values greater than 2 TECu for the whole 25 day data 
set are shown in Figure 5.22(a), which again reveals the TEC enhancements at the 
equinoxes. The diurnal peaks for the 25 days are also clearly identifiable.
The absolute errors are shown in Figure 5.22(b), and do not show much change in value 
from those of Figure 5.21(b). There are individual peaks evident for each of the 25 
days, but it is difficult to distinguish some of them. The enhancements at the equinoxes 
are much less evident in this data set, and instead there appears to be an enhancement 
in absolute errors in the winter-time similar to the situation for the relative errors in 
Figure 5.21(c). The maximum value of the absolute error in this data set is 49.1 TECu. 
The mean value is 0.38 TECu, with standard deviation 0.78 TECu.
The relative errors for this case are shown in Figure 5.22(c). Comparing this back to 
Figure 5.21(c) it can be seen that the percentage errors are generally much smaller 
and less variable. This is to be expected as the TEC values near to zero have been 
eliminated. The maximum and mean percentage errors in this data set are 172% and 
9.5% respectively, and the standard deviation is 9.3%. Also, the underlying trend that 
is evident in Figure 5.21(c) is less pronounced in this case, and is therefore considered 
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Figure 5.22: Measured TEC > 2 TECu for 25 days in 2001: (a) Measured TEC, (b) 
absolute errors and (c) the relative percentage error.
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5.4.3 TEC errors for midday on all test days
In this subsection, the measured TEC and errors at midday for all the test days are 
plotted. The purpose of this is to test the possibility that the large percentage errors 
seen in Figure 5.21(c) are due to the presence of a greater number of low TEC values at 
winter night-time than at summer night-time. The measured values of TEC are shown 
in Figure 5.23(a), of which there is a total of 4573 up to a maximum of 28.3 TECu (4.6 
m on LI). Again the enhancements at the equinoxes are evident, but the individual 
days are generally less distinct. This is to be expected as this figure only shows the 
diurnal peak values.
The absolute errors in Figure 5.23(b) show similar variability to that of the previous 
figures, with a slight enhancement evident at the equinoxes. The maximum and mean 
values are 14.3 TECu and 0.4 TECu respectively, corresponding to excess paths on LI 
of 2.3 m and 7 cm respectively. The standard deviation is 0.46 TECu. 15 values exceed
2.5 TECu. Of these, 13 lie between 2.5 and 5 TECu, and the remaining two exceed 10 
TECu.
The percentage errors for the midday set are shown in Figure 5.23(c), and reveal a 
set of values with a mean of 7% and standard deviation of 8%. The underlying trend 
is negligible. There are about 50 outlying points between 30% (approx 3 sd from the 
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Figure 5.23: Measured midday TEC and errors for 25 days in 2001: (a) Measured TEC,
(b) absolute errors and (c) the relative percentage error.
5.4.4 The D ecem ber 2001 enhancem ent
The unusually high values of measured slant TEC achieved on 24th December were 
compared with those of the previous day, 23rd December, and the following day, 25th 
December. The 3-hourly Kp indices, shown in Figure 5.24, indicate low to moderate 
geomagnetic activity on the 23rd and the 25th. On the 24th, the geomagnetic activity 
for the day is moderate, starting with 5 in the dawn period, and falling to 4 in the 
daytime and at dusk. It is also noted that the solar cycle was near its peak at this 
time. From Figure 5.25 the monthly mean sunspot number for December 2001 is 115.
3 hourly Kp indices 23-D ec-2001 to 25-D ec-2001
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Figure 5.24: 3-hourly Kp indices for the three days of the December 2001 TEC en­
hancement.
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Figure 5.25: Monthly mean sunspot numbers from November 2000 to February 2002.
Source: www.wdc.rl.ac.uk
A total of 13291 paths for the three days are recorded in Figure 5.26. Comparing 
the daytime measured slant TEC in Figure 5.26(a), it can be seen that a maximum 
of about 15 TECu is reached on the 23rd, rising to about 20 TECu on the 24th, and 
falling back to about 15 TECu on the 25th. Two outlying points of 49.1 and 49.7 
TECu can be observed in the night-time between the 24th and the 25th. It is thought 
that the high values of slant TEC seen here are due to a positive storm effect with
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a possible winter anomaly enhancement. The absolute errors for the three days in 
December 2001 are shown in Figure 5.26(b), and reveal a mean value of 0.44 TECu, 
with standard deviation of 0.83 TECu. The maximum error, which is clearly biased by 
the two large values of measured TEC, is 48.2 TECu. The absolute errors can be seen 
to increase in the daytime. On the other hand, the relative errors, Figure 5.26(c), can 
be seen to increase in the night-time. They reach a maximum value of 4513%, although 
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Figure 5.26: Measured midday TEC and errors for 23, 24 and 25 December 2001: (a)
Measured TEC, (b) absolute errors and (c) the relative percentage error.
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5.4.5 TEC errors for January
In this subsection, the winter-time slant TEC errors for one geomagnetically quiet day 
and one disturbed day selected from the 25-day data set are examined. The quiet day 
is January 1st. From Table 5.1, the 3-hourly Kp indices for that day are between 0 and
1. The disturbed day is January 24th, for which the 3-hourly Kp indices range from 1 
to 5.
The results for January 1st are shown in Figure 5.27. A total number of 4328 paths 
are recorded. The values of measured slant TEC in Figure 5.27(a) clearly reveal the 
diurnal pattern, which rises from 2 TECu or less in the night-time to a maximum of 
about 8 TECu in the middle of the day. Four points exceed 10 TECu, with a maximum 
of 21.8 TECu. The night-time TEC is generally around 2 to 3 TECu. The absolute 
errors are shown in Figure 5.27(b). They can be seen to rise from 0.5 to 1 TECu during 
the night-time, to a maximum of about 2.5 TECu in the daytime, although most of 
the daytime errors are in the order of 1.5 TECu. Four large error values from 13.6 to
14.1 TECu are present. The mean absolute error is 0.3 TECu, with standard deviation 
of 0.5 TECu. Figure 5.27(c) reveals relative errors that are generally greater in the 
night-time. The minimum in the relative errors coincides with the daytime values of 
measured TEC, as revealed in Figure 5.27(a). The maximum percentage error is 52%, 
and the mean is 22.5%, with standard deviation of 114%.
The results for January 24th are shown in Figure 5.28, for which a total of 4702 paths 
are recorded. Since this is the more disturbed of the two days, it might be expected that 
values of measured slant TEC would be greater than those of the quiet day. However, 
this does not appear to be the case. Figure 5.28(a) shows that slant TEC values rise 
from about 2 TECu in the night-time to about 8 TECu during the day. It is also 
noticeable that they are more variable throughout the whole day. Four measured TEC 
with values greater than 10 TECu are recorded, taking the maximum to 49.4 TECu. 
The absolute errors for this particular day, revealed in Figure 5.28(b), display more 
variability than those of the quiet day - 1.3 TECu compared to 0.5 TECu. The larger 
errors are evident in the daytime, as expected. The maximum absolute error is 48.9 
TECu, and the mean absolute error is 0.36 TECu. In Figure 5.28(c), the relative 
errors display two peaks at dawn and dusk. The relative errors during the night-time 
are again greater than those in the daytime, due to the smaller slant TEC in the night. 
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Figure 5.27: Measured TEC and errors for 1 January 2001: (a) Measured TEC, (b)
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Figure 5.28: Measured TEC and errors for 24 January 2001: (a) Measured TEC, (b)
absolute errors and (c) the relative percentage error.
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5.4.6 TEC errors for July
In this subsection, the summer-time slant TEC errors for one geomagnetically quiet 
day and one disturbed day are examined. The quiet day is July 4th 2001, for which the 
3-hourly Kp indices range from 1 to 3 (see Table 5.1). The disturbed day is July 25th, 
with Kp indices ranging from 3 to 5.
Figure 5.29 shows the results for July 4th 2001. The measured slant TEC in Figure 
5.29(a) reveals a minimum slant TEC of just less than 1.5 TECu throughout the day. 
The maximum daytime TEC rises to about 9 TECu, and the overall shape of the 
distribution is flatter than those of the winter-time since the daytime is longer. The 
absolute errors, Figure 5.29(b), are fairly constant with a maximum of about 1.5 TECu, 
although the mean is 0.26 TECu. This equates to about 4 cm on the GPS LI frequency. 
The standard deviation is about 0.2 TECu. The relative errors, revealed in Figure 
5.29(c), are quite low (with mean of 8% and standard deviation of 7%) in comparison 
to those of the winter-time. This is due again to the longer daytime period.
The results for July 25th 2001 are presented in Figure 5.30. The daytime maximum 
in the measured slant TEC is more clearly defined than that of July 4th (see Figure 
5.30(a)), and reaches about 10 TECu. Again, the actual values range between just less 
than 2 TECu to a maximum of about 8 TECu. A sharp rise in the measured slant 
TEC is evident in the morning, which could be associated with dawn TEC gradients. 
Figure 5.30(b) shows the absolute errors. Here, the errors are fairly constant, with a 
maximum of about 1.5 TECu. A small peak is discernable in the early morning period. 
The mean absolute error in this case is 0.3 TECu, and the standard deviation is 0.26 
TECu. This peak is clearer in the relative errors, and is about 126% (Figure 5.30(b)). 
They are otherwise reasonably constant with a mean of 11%. The standard deviation 
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Figure 5.29: Measured TEC and errors for 04 July 2001: (a) Measured TEC, (b)
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Figure 5.30: Measured TEC and errors for 25 July 2001: (a) Measured TEC, (b)
absolute errors and (c) the relative percentage error.
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5.5 Discussion
The work presented in this Chapter takes advantage of the recent maximum in the 
solar cycle, which was reached in 2000/2001 (see Figure 5.31). Since TEC values 
and GPS signal delays are likely to be at their greatest during solar maximum, this 
offers an excellent opportunity to test and compare the two imaging methods under 
‘worst case’ conditions. There are three studies presented in this chapter: vertical







Figure 5.31: Solar activity from January 1993 to July 2004.
Source: www.wdc.rl.ac.uk
TEC from simulations; vertical TEC from real measurements; and slant TEC from 
real measurements.
In the section on vTEC simulations, the thin shell revealed errors up to around 8 TECu, 
with no errors higher than 10 TECu. In percentage terms, errors were generally around 
35% or less, with maximum errors of about 90%. The inversion showed errors up to 
about 2.5 TECu, with no errors higher than 3 TECu. In terms of percentages, the 
errors were generally no higher than 10%, with occasional maximums up to about 
15%. In general, a threefold decrease in errors was observed by going from thin shell to 
full inversion, with greater improvements observed during the day than at night. The 
thin shell often shows fewer horizontal TEC structures than are present in model, and 
tends to smooth out the gradients. It is also noteworthy that the higher errors are seen 
to occur around the terminator, at times associated with strong east-west gradients in 
electron density. Again, these errors are much greater in the thin shell than the full 
inversion. This is due to the inability of the thin shell to represent strong horizontal 
gradients adequately.
In the next section, qualitative comparisons between the thin shell and the full inversion 
using real data were presented. The simulation study showed that the full inversion 
could reproduce more real structure from the model than the thin shell. Here also, the 
full inversion shows more detail than the thin shell. Since this study uses the same
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satellite and receiver geometry as in the simulated case, it seems reasonable to assume 
that the more detailed structure observed in this case is also real. The simulation 
showed that the thin shell had smoothed out horizontal structure. This was also the 
case with real data. A good example of this is seen in Figure 5.13, which clearly shows 
that the thin shell has smoothed out structure in comparison to the full inversion.
The simulation showed vertical TEC errors in the full inversion up to 15%. In contrast, 
the real data showed estimated mean slant TEC errors of about 14%, but with a very 
small number of isolated points as large as 9867%. Whilst this would appear to be a 
very substantial error, it should be remembered that it was computed by normalising 
the absolute error to the measured TEC. Hence, very small values of measured TEC can 
be swamped by the TEC obtained from the inversion. The simulation showed lower 
percentage errors during daytime, and the real data showed lower percentage errors 
when only 12-13 UT was considered. This implies that the reconstruction is more 
accurate during the daytime, i.e. when absolute TEC values are greater. However, 
when considering the absolute error it is found that the night time errors are lower.
5.6 Summary
An extended study has been presented in this Chapter. Observation data from an 
extensive network of fixed GPS receivers situated in Europe was used to construct im­
ages of the ionosphere using both the thin shell and the MIDAS full inversion methods. 
Twenty-five days in 2001 were selected for this work, which was described in three sep­
arate sections. In the first, a simulated ionosphere based on IRI-95 was used as truth, 
and the vertical TEC obtained by the thin shell and the full inversion techniques was 
compared. In the second study, a qualitative comparison was made between thin shell 
and full inversion vTEC maps, which were constructed using the same satellite and 
receiver geometry as in the first study. Slant TEC measurements were then compared 
with their corresponding integrated paths through the full inversion grid of electron 
density in the third study.
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Chapter 6
Evaluation of inversion technique  
using receiver bias stability
Abstract
In this Chapter, a new method to evaluate TEC mapping is presented. The method, 
described by Meggs et al. (2004), makes use of the expectation that the receiver inter- 
frequency biases are stable on an hourly basis. In the first section, the idea is intro­
duced. Building on the work of Chapter 3, the approach is described in section 6.2. 
The method is tested by making thin shell and full inversion reconstructions of the 
ionosphere over Europe at the time of the July 2000 ionospheric storm. Three days 
ranging in levels of geomagnetic disturbance from ‘quiet’ to ‘very disturbed’ were se­
lected. The results are presented for low, mid to high latitude ranges, and demonstrate 
improvements in the full inversion TEC mapping compared to the thin shell.
6.1 Introduction
In this Chapter, the experimental work is extended by exploiting the stability of the 
receiver inter-frequency biases as a measure of the slant TEC error in the inversions. 
Reconstructions of the ionosphere over Europe are made using both the full inversion 
and the thin shell methods for three days around the ionospheric storm of July 2000. 
The three days chosen represent a progression of geomagnetic conditions from ‘quiet’ 
to ‘very disturbed’. In the method described here, selected GPS receivers are grouped 
in pairs. The pseudo-code and carrier-phase ranging measurements from any pair of
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receivers to a common satellite are differenced. This eliminates the satellite inter­
frequency bias and leaves only the difference in inter-frequency bias between the two 
receivers, plus a residual ionospheric-delay difference. Although the absolute value of a 
receiver’s inter-frequency bias is not known a priori, it can be expected to remain stable 
on a short-term basis (see Sardon and Zarraoa (1997) and Mannucci et al (1998)). 
The standard deviations of the receiver inter-frequency bias differences between pairs 
of receivers were used as a measure of the relative accuracy of the representation of the 
ionosphere computed by the two methods. In every case, this criterion showed that the 
full inversion method gave accuracies in TEC measurement comparable to, or better 
than, the thin shell method.
To summarise, the procedure used in this Chapter is based on the expectation that the 
inter-frequency bias of a receiver is constant on an hourly basis throughout the day. 
Since the absolute value is not known, the difference in the inter-frequency biases of two 
receivers has been used. This has been obtained by differencing the differential dual­
frequency TEC measurements from a pair of receivers to a common satellite, thereby 
eliminating the satellite inter-frequency bias. The slant TEC error for each satellite 
to receiver path is then taken to be the difference between the average value of the 
receiver bias difference and the instantaneous value.
6.2 M ethod: Bias stability as a measure of error
In Chapter 3, the following expression (Equation 3.25) for a dual-frequency TEC mea­
surement was developed:
P[ =  40.3 {^J2 ~~ ~J2 ̂  I  ^ r ^ s
Here, P'j is the ionospheric combination that has been computed by calibrating dif­
ferential phase-range measurements to differential code-range measurements. Thus P'j 
is both smooth and absolute. I  is the TEC along the ray path, and Br and B s are 
the receiver and satellite inter-frequency biases. The procedure used here has been de­
scribed by Meggs et al. (2004), and can be summarised as follows. Consider two fixed 
GPS receivers, k and m, both of which are simultaneously monitoring the same GPS
satellite s. Also, for convenience, let C = 40.3 ( t?  +  t j ) .  Then, rewriting Equation\ j 2 h  /
3.25 for the receivers k and m  gives
P'Ik  = CIk + Bk + B s and -P/>m =  C Im +  B m +  B s (6.1)
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Differencing Equations 6.1 gives
AP/ — C (Ik — Im) +  (Bk ~  Bm) — +  &Bk,m (6.2)
Thus if the ionosphere is mapped correctly, the inter-frequency bias difference ABk,m 
will be correctly determined. If the procedure is repeated hour-by-hour, then ABk,m 
will be constant on an hourly basis. On the other hand, if AJ3^>m is found to vary then 
the inversion has incorrectly mapped the ionosphere.
6.3 Slant TEC errors com puted from bias stability
Three days before and during the ionospheric storm of July 2000 were selected to test 
the bias stability method. These were the 11th, 14th and 15th July 2000, representing a 
progression of geomagnetic conditions from quiet to very disturbed. The 3-hourly Kp 
values and DST indices for the three days are shown in Table 6.1, from which it can be 
seen that the third day, 15th July, was the most disturbed of the three. A network of
Table 6.1: Geomagnetic conditions for July 2000 storm days.
Date
3-hourly Kp indices (source: www.wdc.rl.ac.uk)
DST
03 06 09 12 15 18 21 24
11 Jul 2000 4 5 4 5 5 4 4 5 12
14 Jul 2000 4 3 4 4 4 6 5 4 -18
15 J u l2000 4 4 5 5 6 9 9 9 -72
dual-frequency GPS receivers, the locations of which are shown in the map of Figure 
6.1, were selected, and the receiver observation and satellite orbital data files obtained 
from the SOPAC archive at http://sopac.ucsd.edu/.
The differential phase data (smoothly varying, but subject to an unknown cycle ambi­
guity) for each separate satellite to receiver arc were calibrated to the differential time 
data (noisy, but useful for calibration) using a least squares fit. Four examples showing 
the phase data calibration are shown in Figure 6.2, in which the red curves indicate the 
difference in satellite to receiver path length computed by differencing the LI and L2 
pseudo-code path lengths (in metres), and the blue curves represent the path length 
difference computed by differencing the the carrier-phase path lengths. As these are 
measured in wavelengths, they have been converted to metres.
Two sets of reconstructions, one set of thin shell and one set of inversion, were then 


















Figure 6.1: Map showing locations of GPS receivers.
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Figure 6.2: Four examples of differential phase calibrated to differential time for 11
July 2000.
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(1997) and Chapter 4), and the reconstruction grid for the full inversions method cov­
ered a height range from 80 km to 1180 km in steps of 50 km. The horizontal grid 
spacing used in both methods was set at 1° in latitude and 4° in longitude. To test the 
computation of the receiver hardware bias differences, the mean hardware bias differ­
ences for pairs of close receivers was examined. This provided a set of cases for which 
the difference in ionospheric delay was negligible. The calibrated phase arcs for a par­
ticular satellite in view from two receivers were differenced to provide an estimate of the 
difference in their receiver hardware biases. A group of four closely spaced mid-latitude 
receivers situated in Western Europe (see Figure 6.3(a)) were chosen and grouped into 
three pairs. The mean hardware bias differences for each pair were computed for the 
inversion and thin shell methods, and plotted in Figure 6.3(b) with the bias differences 
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Figure 6.3: (a) Map showing locations of the four receivers and, (b) the mean inter­
frequency bias differences for the three methods.
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In Figure 6.3(b), the P 2 — P I (x) represents the “truth” ionosphere, to which the 
inversion (circle) and thin shell (square) are compared. It can be seen that all three 
methods have yielded daily mean hardware bias differences within approximately 10 cm 
of each other, demonstrating that on a daily average, the inversion and shell are close to 
the “truth”. In each of these specially selected cases, the receiver to satellite paths are 
very similar. This is to be expected since all paths will experience similar ionospheric 
delays. Thus, in cases where the ionospheric delay differences can be ignored, the 
P2 — P I differencing method is a very simple way to determine the hardware bias 
differences between two receivers.
6.4 R esults
6.4.1 M id-latitude receiver group
The standard deviations of the receiver bias differences for a similar group of mid­




Figure 6.4: Map showing locations and identifers of the group of closely-spaced mid­
latitude GPS receivers.
the results, from which it can be seen that there is close correspondence between the 
stabilities of the inter-frequency biases for both the inversion and the thin shell. This 
is to be expected, since the receivers are all sufficiently close for their lines-of-sight to 
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Figure 6.5: Standard deviations of receiver IFBs for closely-spaced receivers: (a) 11 
July 2000, (b) 14 July 2000, and (c) 15 July 2000.
6.4.2 W idely-separated  receivers
The inter-frequency bias differences for a group of three widely-separated receivers, 
‘brus’, ‘onsa’ and ‘kirO’, the locations of which are shown in Figure 6.6, were also exam­
ined. Note that the pseudo-code data from ‘onsa‘ reveals evidence of severe multipath 
effects (see Figure 6.7), and this may have biased the results involving this receiver.
The inter-frequency bias variations for the widely-spaced receiver group are presented 
in Figure 6.8. In all cases, the inter-frequency bias differences that were computed
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from the full inversion exhibited lower variability than those computed using a thin 
shell. Using the stability of the bias differences as a measure of the accuracy of the 
inversion, it can be inferred that the inversion method has produced a more accurate 
representation of ionosphere than the thin shell. As the geomagnetic conditions become 
more disturbed with the onset of the storm, the inversion standard deviations of the 
‘brus’ - ‘onsa’ pair can be seen to increase. This may be due to severe TEC gradients 
existing at the lower latitudes of this group. TEC gradients over Europe may have been 
significant on 15th July, although the absolute values of TEC did not reach the levels 
of those over the United States (Mitchell and Spencer, 2002), and hence the absolute 
errors in TEC mapping would not be expected to have increased.
\ i r O
6-5V
irus
Figure 6.6: Map showing locations and identifers of the group of mid- to high-latitude 
GPS receivers.








30 100 200 3 0 0 4 0 0 5 0 0 6 0 0 7 0 0
Intervals in o b servation  (3 0 s )
Figure 6.7: Code and carrier phase arcs for the ‘onsa’ receiver to PRN0002 path showing 
evidence of severe multipath, particularly towards the end of the satellite pass.
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Figure 6.8: All measured TEC and errors 2001: (a) Measured TEC, (b) absolute errors 
and (c) the relative percentage error.
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6.4.3 Low -latitude receiver group
Figure 6.9 shows the locations of a group of receivers at lower European latitudes 
(between 35°N and 43°N), and the corresponding standard deviation plots are shown 
in Figure 6.10. Using the bias stability criterion, the ‘lamp’ - ‘mate’ and the ‘lamp’ 
- ‘aqui’ pairs show an improvement in the representation of the ionosphere using the 
inversion. The ‘mate’ - ‘aqui’ pair displays a variability of less than 20 cm for both thin 
shell and inversion. This implies that the ionosphere is well represented using either 
method. Since these two receivers are located reasonably close to each other, close 
correspondence in the results can be expected.
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Figure 6.10: All measured TEC and errors 2001: (a) Measured TEC, (b) absolute 
errors and (c) the relative percentage error.
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6.4.4 Scandinavian receiver group
A receiver group in Scandinavia is shown in the map of Figure 6.11. Again, the standard 
deviations of the inter-frequency bias differences reveal an improvement in the repre­
sentation of the ionosphere using the inversion method, particularly with the ‘kirO’ - 
‘onsa’ pair. This pair are the most widely separated of the three pairs, and the results 
will be influenced by large horizonal TEC gradients. The ‘vilO’ - ‘kirO’ pair display the 
smallest variability, which increases slightly on the storm day (the 15th). Both of these 







Figure 6.11: Map showing locations and identifers of the group of Scandinavian GPS 
receivers.
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Figure 6.12: All measured TEC and errors 2001: (a) Measured TEC, (b) absolute 
errors and (c) the relative percentage error.
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6.5 Discussion
A new method to evaluate TEC mapping has been presented in this Chapter. In the 
studies presented in Chapters 4 and the initial part of Chapter 5, which were based 
on simulated ionospheres, the evaluation of the TEC mapping was a straightforward 
matter of differencing between the inversion TEC and the simulated TEC. In the ex­
perimental case, there is no readily accessible ‘tru th’ ionosphere with which to compare 
inversions.
The new method relies on the expectation, widely reported in the literature, that 
the receiver inter-frequency biases are stable on a short-term basis. By differencing the 
TEC estimates from two receivers to the same satellite, the satellite inter-frequency bias 
will cancel out and the receiver inter-frequency bias difference will remain. Provided 
the ionosphere is correctly mapped, the receiver inter-frequency bias difference should 
be constant. Conversely, if there is a change in the inter-frequency bias difference 
computed over several hours, then it can be inferred that the inversion has incorrectly 
mapped the ionosphere. However, changes in the hardware of one of the receivers 
would also alter the receiver inter-frequency bias difference. This situation would be 
recognised as the difference should settle at its new value and remain constant. The 
receiver biases may also be affected by temperature, but this should be approximately 
common to site pairs.
Using the new method of evaluation, it has been shown that the full inversion technique 
offers improvements in the accuracy of TEC mapping compared to the thin shell. It 
is noteworthy that the strongest TEC gradients are found at higher latitudes, and the 
greatest improvements in the full inversion TEC mapping compared to the thin shell 
have been noted in this region. In considering these results, an important point to 
note is that it is solely the relative improvement in using the full inversion over the 
thin shell that is under consideration here. Absolute information about the accuracy of 
the ionospheric mapping cannot be inferred, only the TEC gradients between receiver 
pairs. Nevertheless, the work of this Chapter has indicated that, in the experimental 
case, the full four-dimensional inversion method offers advantages over the thin shell 




In this Chapter, an experimental approach to the problem of determining the relative 
accuracy of the slant TEC measurement made by the thin shell and the full inversion 
methods has been described. The method, described by Meggs et al. (2004), is based 
on the expectation of the stability of the receiver inter-frequency biases. It relies on 
the assumption that the difference in the inter-frequency bias between two receivers is 
stable over a 24-hour period (Sardon and Zarraoa, 1997).
In the cases investigated, the inversion was always found to give an improvement over 
the thin shell for mid- to high-latitude receiver pairs. For low- to mid-latitude receiver 
pairs, the accuracy of the inversion was either comparable to, or better than, that 
attained using the thin shell method. Since the inversion method was shown gener­
ally to give smaller standard deviations than the thin shell, this suggests that, on an 
hour-by-hour basis, the full four-dimensional inversion can provide a more accurate 
representation of the ionosphere
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Chapter 7
Comparisons w ith independent 
instrum entation
Abstract
Images of the electron density over northern Scandinavia in January 2002 are pre­
sented in this Chapter. The electron densities were produced using two independent 
techniques: MIDAS imaging and Incoherent Scatter Radar (ISR) observations. In the 
first case, observations of differential phase delays from GPS satellites were used to 
estimate the spatial distribution of electron density. In the second case, the EISCAT 
radar was used to gather independent data for comparison with the MIDAS images. 
The MIDAS results are presented in the form of latitude-altitude cross-sections of elec­
tron density at the locations and times coincident with the radar scans. The EISCAT 
data are plotted as “fan plots” showing electron density as a function of latitude and 
range. Also presented are wide-area maps of TEC for the entire day. The latitudinal 
positions and the time evolution of the trough seen in the MIDAS images are confirmed 
by the EISCAT radar. The study demonstrates the potential of MIDAS as a reliable 
tool for routine monitoring of the ionosphere on scale sizes comparable to those of the 
main trough.
7.1 M ethod
Since the early 1990s the EISCAT radar, illustrated in Figure 7.1, has provided inde­
pendent measurements of electron density for the verification of tomographic images
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Figure 7.1: The EISCAT radar UHF antenna at Troms0 .
constructed from carrier phase TEC measurements to NNSS satellites. The first inde­
pendent EISCAT verification of a tomographic image was reported by Pryse and Kers- 
ley (1992). This work was followed in subsequent years with increasing sophistication, 
notably by Raymund et al. (1993) and Walker et al. (1996), who have demonstrated the 
value of independent measurements for the assessment of tomographic imaging under 
real ionospheric conditions. To date, MIDAS imaging using GPS TEC measurements 
has not been subjected to a comparison with incoherent scatter radar. A compara­
tive study of this nature is described by Meggs et al. (2005, in press), and has led to 
greater confidence in the ability of MIDAS to reproduce large-scale structures in the 
ionosphere.
7.1.1 The EISCAT experim ent
The EISCAT UHF radar at Tromsp (69.6°N, 19.2°E) was operated on 7 January 2002 
in a special program mode, designated tau3tJimb-UK@uhf. This program, which is 
a modification of the UK EISCAT Special Program SP-UK-BLOB that was used by 
Pryse et al (1996), is mainly used for scanning experiments where long range coverage is 
needed to get data from ionospheric altitudes at low-elevations. The radar experiment 
is based on a scan in the geographic meridian of Tromsp that starts at a low northward 
elevation (21° elevation) and scans southward in 55 steps of 0.152° latitude, which 
are defined at an altitude of 262.5 km. The scan dwells for 30 s at each step, and
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the antenna requires a further 150 s to return to its starting position, making a total 
of 30 minutes to complete each scan. The tauSt alternating code transmitted during 
each north-to-south scan has a range resolution of 5.4 km, and is designed to provide 
information about the electron density, ion and electron temperatures, and line-of- 
sight plasma velocity over a range of 90 - 1400 km. A pre-integration period of 5 s is 
provided, and the data can be post-integrated to improve the data quality by adding 
two adjacent scanning positions. The radar data were analysed by colleagues from the 
EISCAT Group at the Rutherford - Appleton Laboratory (RAL).
The electron densities from the radar were calibrated using data from the Tromsp dy- 
nasonde. This was carried out by the EISCAT Group at RAL, Chilton. The dynasonde 
NmF2 are plotted against the EISCAT radar peak electron densities. The ionogram 
corresponding to any point in the dynasonde data is also displayed. Similarly, the 
points in the radar time series are accompanied by their vertical electron density pro­
files. This allows the operator to identify and reject any outlying points in the two time 
series, if necessary. A coefficient of calibration between the dynasonde and the radar 
data sets is then computed for the selected points. In the experiment under consider­
ation here, the calibration coefficient was 1.466. The radar data are then re-analysed 
using this caalibration coefficient as a system constant. The fan plots shown in Figs.
7.3 to 7.6 were produced from this new data.
7.1 .2  T he M ID A S inversions
The MIDAS reconstructions were generated for the same period as the EISCAT exper­
iment. By default, MIDAS maps from a voxel-based representation of the ionosphere 
to an ortho-normal representation using spherical harmonics in the horizontal domain, 
and ortho-normal basis functions in the vertical domain. The ortho-normal basis func­
tions may be derived from models such as Chapman or Epstein. The inversions gener­
ated for this experiment were based on a vertical electron density profile formed using 
Chapman functions. The peak electron density, NmF, and peak height, hmF 2, were 
estimated using the IRI-95 model at the horizontal centre of the grid. This gave values 
of 9.883 x 1011 electrons/m3 and 284 km respectively. The electron density, N h , at the 
scale height, HmF 2, was then found using the relation
N h =  NmF2 x -  =  3.636 [xlO11 electrons m'2 1 (7.1)
e
where e =  2.718__
The bottomside scale height HmF2 was then found to be 68 km. The values of hmF 2 
and HmF 2 were rounded to 280 km and 70 km respectively, and were set as the model
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parameters that constrain the vertical electron density profile of the inversion. Four 
additional basis profiles were added: two at 250 km with scale heights of 60 km and 70 
km; and two at 310 km with scale heights of 70 km and 80 km.
The GPS receiver data and satellite orbital data for the GPS receivers in Figure 7.2 
were obtained from the SOPAC archive at http://sopac.ucsd.edu/ and used in the 
inversion. A global reconstruction grid of 1° in latitude and 4° in longitude, and 50 
km in altitude, was set up in the MIDAS software. The imaging volume used extended 
from 30° N to 80° N, 10° W to 40° E, and from 80 km to 1180 km. The Kp indices 
for 7 January 2002, obtained from the World Data Centre (source: www.wdc.rl.ac.uk), 
ranged from 0 to 3, indicating quiet to moderate geomagnetic conditions. Under these 
conditions it can be expected that an empirical model such as IRI-95 would give a 
reasonable estimate of the peak and scale heights.
OoA
Tromso
Figure 7.2: Map showing locations of GPS receivers and the EISCAT radar site at 
Tromsp. The line of the radar scan is shown passing through Tromsp.
7.2 R esults
MIDAS inversions result in one-hour movies of the three-dimensional distribution of 
electron density. These can be shown as vertical plots of electron density, or by inte­
grating vertically through the inversion a map of vertical TEC can be produced. Here, 
single two-dimensional slices of the electron density at the longitude closest to the EIS-
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CAT radar are shown to permit visual comparison with the EISCAT images. Since the 
MIDAS imaging grid is stepped in increments of 4° longitude, the slice encompasses 
the longitude range from 18° E to 22° E. The latitudinal extent of the plots was limited 
to the region encompassing the EISCAT radar scans, that is from 64° N to 78° N. The 
times of the MIDAS images have been chosen to coincide with the half-way point of 
the EISCAT scan.
The electron density plots are presented in Figs. 7.3 to 7.6. There are three plots in 
each figure, showing (a) the uninterpolated EISCAT radar fan plots; (b) interpolated 
EISCAT radar fan plots; and (c) MIDAS electron density plots. The uninterpolated 
plots show all 50 radial scan lines with the radar returns scaled to electron density, 
mapped to axes of latitude and altitude. Thus the distribution of electron density can 
be readily seen. The interpolated plots show an average electron density distribution 
over the half-hour period of the scan, also mapped to axes of latitude and altitude. The 
MIDAS plots show electron density as a function of latitude and height at the time 
half way through the corresponding EISCAT scan.
Figs. 7.3(a) and 7.3(b) show the electron density observed by the EISCAT radar 
for the half-hour starting at 12:30 UT, and Figure 7.3(c) shows the MIDAS electron 
density plot at 12:45 UT. The main dayside trough, centred around 75° N - 76° N, is 
clearly visible in all three images, with the equatorward wall at about 72° N. Figure
7.4 shows the situation between 13:00 and 13:30 UT. Both techniques reveal an overall 
decrease in the peak electron density in this half-hour period. Once again, there is close 
correspondence between the two techniques, although a temporary problem with the 
radar forced a premature halt to the scan. Following resumption of the scan, the half 
hour from 14:00 UT is shown in Figure 7.5, which displays a further decrease in the 
peak electron density. The two techniques both show a decrease in the electron density 
gradient at the equatorward wall compared to the earlier images. The main trough, 
centred around 74.5° N - 75.5° N, is again clearly visible in both techniques, and an 
apparent southward movement of the trough has also been reproduced. The southward 
movement of the trough is confirmed in Figure 7.6, in which it can be seen that both 
techniques reveal a further decrease in overall electron density. The equatorward wall 
of the trough is now at about 66° N. The EISCAT scans now show the trough minimum 
at about 74° N - about 1° further south than that shown in the MIDAS plots. The 
overall agreement between the two techniques in absolute values of electron density is of 
particular interest, and can be partly attributed to the correct calibration of the radar 
observations using the dynasonde. The vertical profile constraints that were computed 
from IRI-95 and used in MIDAS inversions appear to have been a suitable choice in 
this case, probably assisted by the quiet ionospheric conditions.
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Figure 7.3: MIDAS Electron concentration at the longitude of the EISCAT radar 
between 12:30 and 13:00 UT: (a) Original EISCAT values, (b) Interpolated EISCAT 
values, and (c) MIDAS image. Figure constructed with the assistance of Dr. V. S. C. 
Howells, EISCAT Group, Rutherford-Appleton Laboratory.
MIDAS N (xlO 11 m~3) 07-Jan -2002 12:45:00

















Figure 7.4: MIDAS Electron concentration at the longitude of the EISCAT radar 
between 13:00 and 13:30 UT: (a) Original EISCAT values, (b) Interpolated EISCAT 
values, and (c) MIDAS image. Figure constructed with the assistance of Dr. V. S. C. 
Howells, EISCAT Group, Rutherford-Appleton Laboratory.
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Figure 7.5: MIDAS Electron concentration at the longitude of the EISCAT radar 
between 14:00 and 14:30 UT: (a) Original EISCAT values, (b) Interpolated EISCAT 
values, and (c) MIDAS image. Figure constructed with the assistance of Dr. V. S. C. 
Howells, EISCAT Group, Rutherford-Appleton Laboratory.
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Figure 7.6: MIDAS Electron concentration at the longitude of the EISCAT radar 
between 14:30 and 15:00 UT: (a) Original EISCAT values, (b) Interpolated EISCAT 
values, and (c) MIDAS image. Figure constructed with the assistance of Dr. V. S. C. 
Howells, EISCAT Group, Rutherford-Appleton Laboratory.
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Figure 7.7 shows the vertical TEC at each hour from 12 to 17 UT on 7 Jan 2002. The 
diurnal variation of the TEC in this sequence can be seen to follow that expected from 
the solar radiation. The main trough is clearly visible as the longitudinally distributed 
depletion of electron density moving southwards from about 74° N at 12:00 UT to 
about 65° N at 17:00 UT.
°o
In v ersio n  T E C  0 7 - J a n - 2 0 0 2  1 3 :0 0 :0 0
In version  T E C  0 7 - J a n - 2 0 0 2  1 5 :0 0 :0 0
%
In version  T E C  0 7 - J a n - 2 0 0 2  1 2 :0 0 :0 0
°o
In version  T E C  0 7 - J a n - 2 0 0 2  14:0 0 :0 0
°o
In version  T E C  0 7 - J a n - 2 0 0 2  1 6 :0 0 :0 0
°o
In v ersio n  T E C  0 7 - J a n - 2 0 0 2  1 7 :0 0 :0 0
Figure 7.7: Post-noon changes in TEC showing the southward movement of the trough.
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7.3 Discussion
In this chapter, images of the ionospheric electron density over Northern Scandinavia 
have been constructed using GPS imaging and incoherent scatter radar observations. 
The EISCAT radar has been extensively used to verify tomographic images of the 
ionosphere constructed from range measurements to NNSS satellites, (see, for example: 
Bernhardt et al. (1998), Foster, et al (1994), Heaton et al (1995), Kersley et al (1993), 
Mitchell et al (1998), Pryse et al (1996), Raymund et al (1993) and Walker et al 
(1996)). The work presented in this Chapter is believed to be the first independent 
verification of GPS imaging using the EISCAT radar.
Qualitatively, the results generally show good correspondence between the electron 
density images produced by the two techniques. However, a quantitative comparison is 
more difficult to achieve, since incoherent scatter radar and GPS imaging are different 
techniques. Moreover, the GPS images show constant electron density in voxels that 
are 4° longitude, 1° latitude and 50 km in height. This is well below the resolution 
available from incoherent scatter radar. In addition, the radar requires calibration 
external to the measurement itself (in this case a dynasonde was used).
The auroral ionosphere is a highly variable medium, and is subject to large changes 
in electron density on time scales less than that of the radar scan time (Kersley et 
al, 1993). The EISCAT SP-UK-LIMB measurements are made over a 30-minute pe­
riod, with each representing a spatially and temporally different 30 s snapshot of the 
ionosphere. Since the ionosphere cannot be assumed to be stationary over a 30-minute 
period, the fan plots represent the temporal and spatial evolution of the ionosphere over 
a 30-minute period. Conversely, the MIDAS electron density plots are instantaneous 
snapshots of the ionosphere.
In the full inversion, measurements of differential phase delay are inverted in a system 
of linear equations to solve for the underlying electron-density field. Since the equations 
are under-determined, model data is used to stabilise the solution. Models represent 
average or median conditions, and are less able to represent the highly variable con­
ditions encountered at auroral latitudes. Nevertheless, during these geomagnetically 
quiet conditions the use of a model to stabilise the vertical profile in the imaging is 
valid because the vertical electron density profile at mid-latitudes (i.e., south of the 
trough) is well-modelled away from storm conditions. However, it is recognised that 
at later local times the auroral zone will extend further south and the imaging of the 
vertical profile may be less valid.
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7.4 Summary
Two independent techniques have been used to image the winter time ionosphere over 
Northern Scandinavia. The first technique was MIDAS imaging using ground-based 
dual-frequency GPS carrier-phase data, and the second technique used incoherent scat­
ter radar data from the EISCAT UHF radar at Tromsp, Norway. The vertical electron 
density profiles of the MIDAS inversions were constrained using peak and scale heights 
computed using the IRI-95 model. The EISCAT data were calibrated using data from 
the dynasonde located at the Tromsp site. Plots of electron density mapped to axes 
of latitude and altitude using both techniques have been presented, and demonstrate 
that the main trough can be reproduced accurately using data monitored by a network 
of ground based GPS receivers.
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Chapter 8
The M IDAS Interface
Abstract
This chapter is concerned with the presentation of ionospheric information to users. 
The need for an intuitive user interface to MIDAS for a variety of different classes 
of users is discussed. The design and development of a basic graphical user interface 
(GUI) for use by non-expert operators will be described, and an example of a basic GUI 
will be presented and described. The basic GUI provides an indication of the vertical 
TEC at a specified location and time in terms of the statistics of the previous 30 days. 
Possible extensions to basic GUI that will provide an interface for expert operators 
to enter inversion parameters will also be discussed. During the development of the 
simple interface, a number of assumptions were made for programming convenience. 
These will be described in Subsection 8.2.1.
8.1 Design overview
Graphical computer interfaces, such as X-Window and Microsoft Windows, have evolved 
in response to the needs of non-specialist computer users. Such interfaces present users 
with an intuitive “front end” to applications, which then respond to events such as 
pointing and clicking with a mouse. Earlier interfaces were driven by a command 
line that required users to know a set of arcane commands and their options, which 
were entered verbosely using the keyboard. Matlab, the environment in which MIDAS 
is written, provides both a command line interface and the tools to produce bespoke 
GUIs. Commands can be run directly from the command line, or from within functions
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and script files.
The MIDAS software was designed to take advantage of ionospheric observations from 
readily available instrumentation. It is a collection of Matlab programs that together 
implement a linear inversion algorithm to solve for the spatial and temporal distribution 
of electron density in the ionosphere. It has been extensively described by Mitchell and 
Spencer (2003), and a summary of the method has been given in Chapter 2. Input 
data from a variety of instruments are combined with inversion parameters to produce 
maps showing the horizontal distribution of vTEC, or vertical plots of electron density 
as a function of latitude and height. The resulting maps may be combined to produce 
movies showing the time evolution of the TEC or electron density structures.
In spite of the capabilities of Matlab to support a graphical style of interface, the 
MIDAS software currently retains the command line approach. The MIDAS algorithm 
is invoked by running the function invert.m in Matlab, using the following syntax:
Result = invert (Input, Param)
It is possible to enter this directly on the Matlab command line, though it is more usual 
to run it within a script file that also sets the inversion parameters. The input and 
output arguments are Matlab structures, which can be stored in disc files. However, 
before the invert function can be called, the Input and Param structures must be 
generated. Input data can be derived from a variety of sources such as GPS (ground 
or space-based), ionosonde, NNSS or Topex, and the MIDAS suite includes functions 
and scripts that read the data files for each input type and form an Input structure. 
Where more than one data source is used, MIDAS contains a function to combine their 
data into a single Input structure suitable for use with the inversion function.
The Param structure contains all the inversion parameters. One of these is the geometry 
of the reconstruction grid, which is set using the function initgrid.m. Other parameters 
contained in this structure include the latitude and longitude limits, number of EOFs, 
model profiles, etc. The most efficient way to create the Param structure is to use a 
script file, which can also contain the call to invert.m. It is usual to limit the time 
duration of an inversion to one hour, so in order to invert longer periods of data it 
is necessary to batch inversions using suitable script files. This leads to a complex 
arrangement of inter-dependent script files and functions.
Prom the above description it can be appreciated that the effective use of the MIDAS 
software depends heavily upon the user’s understanding of the underlying principles of 
the MIDAS algorithm and familiarity with Matlab. To change any inversion parameters 
or to add additional data sources it is necessary to edit Matlab scripts directly, thus
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requiring some programming competence on the part of the user. With several different 
files to be edited “by hand”, there is the possibility that the user will neglect to change 
an instance of a variable in a function, causing invalid calls or passing invalid data 
to other functions when the software is run. This will either lead to the abnormal 
termination of the software, or the software may appear to perform normally but will 
produce results that are meaningless. Worse, there may be no indication that the 
results are wrong.Two groups of users can be identified which, for the purposes of this 
work, can be classified as ‘non-expert’ and ‘expert’. ‘Non-expert’ users are users who 
may be unfamiliar with programming in Matlab, and have little understanding of radio 
propagation and/or ionospheric physics. They may be specialists in other disciplines. 
A simple, intuitive interface which requires minimal input from the user and presents 
the results in a clear and easily interpreted manner is appropriate for this type of user. 
‘Expert’ users can be considered to be users who are able to make informed decisions 
about input sources (GPS, ionosonde, etc) and inversion parameters, but may not 
necessarily be sufficiently familiar with programming languages to be confident about 
editing Matlab files. An advanced style of interface would be more appropriate for 
this class of user. This type of interface would enable expert users to set inversion 
parameters and to select input source data in a controlled manner. The two different 
styles of interface will be referred to in this work as ‘basic’ and ‘advanced’. Whilst 
consideration has been given to both, actual development work was concentrated on 
the basic interface with the aim of producing a working prototype.
8.2 The ‘B asic’ Interface
8.2.1 T he ionospheric a c tiv ity  ind icator
In determining a suitable style of ionospheric activity indication for a non-specialist 
user, it was thought necessary to avoid directly giving the value of vertical TEC as 
a number. Instead, the indication is given as discrete levels ranging from ‘very low’ 
to ‘very high’, which are determined from the statistics of the preceding 30 days. 
Although the ionosphere is a highly variable medium, the short-term seasonal variability 
over periods of about 30 days can be considered linear for de-trending purposes. The 
approach adopted here takes as its input the date, time and position of interest and 
computes the vertical TEC. The corresponding vertical TEC values for the previous 
30 days are obtained and put into a time series with the query day. A linear fit, y, is 
then computed:
fit = y = ai x IV(N) + a,Q (8.1)
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where Iv is the vertical TEC, N  is the number of days preceding the query day (N  = 0 
being the query day), and clq and a \  are the coefficients of the linear fit. An example 
showing the vertical TEC values and the fit line for 12:00 UT on 1st May 2002 at 
Chilton (UK) are plotted in Fig. 8.1(a).
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Figure 8.1: (a) Vertical TEC values for the query day (1 May 2002) and the preceding 
30 days (dot) and the linear fit line (cross), and (b) the data after de-trending. The 
mean and standard deviation (a) lines are indicated.
The TEC data were then de-trended by computing the differences between the TEC 
values and their corresponding points on the fit line (see Fig. 8.1(b)). The thresholds 
between the different levels of TEC were then computed using the standard deviation 
of the differences for the preceding 30 days, obtained from:
<7= std [Iv (IV) -  y  (N)] with N  > 0 (8 .2 )
This number was then compared with a test number, q, obtained from the vertical 
TEC on the query day using
Iv (O)-y(O)
q  = • (8.3)
and the level of ionisation in the ionosphere was determined using the following scale 
of thresholds, which are shown in Fig. 8.1(b):
q less than —3cr 
q between —3a and — 2cr 
q between —2a and —la  
q between —la  and +lcr 
q between +1 a and +2a 
q between +2a and +3a 
q more than -f-3cr
very low TEC 
low TEC 
medium low TEC 
medium TEC 




8.2.2 D escription  o f ‘B asic’ Interface
The ‘basic’ interface was written using the Matlab GUI designer GUIDE, and is shown 
in Fig. 8.2. In use, the user specifies a date and hour using the four popup menus at 
the upper left, then presses the ‘Get Data File’ button. The program then searches for 
the required result data and reports on its availability in the ‘messages’ box.
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Figure 8.2: The ‘Basic’ MIDAS interface.
If the result file is available, the ‘Get TEC’ button becomes enabled. The user now 
enters a geographical position in the ‘Latitude’ and ‘Longitude’ edit boxes. Pressing the 
‘Get TEC’ button will load the result data for the query day and for the previous 30 days 
and compute the vertical TEC values. Using the procedure described in the previous 
section, the level of ionospheric activity is indicated on the scale at the lower right 
by the position of the black square. An additional feature of the interface allows the 
user to obtain the maximum value of vertical TEC, and report it and its geographical 
position in latitude and longitude by leaving both the ‘Latitude’ and ‘Longitude’ edit 
boxes blank and pressing the ‘Get TEC’ button after loading the result data.
A short help message is available by clicking the ‘Help’ button. This appears as a 
separate window with an ‘OK’ button to allow the user to dismiss it, although it is 
not modal and hence the help window can remain visible whist the interface is being 
used. In the event of either of the ‘Latitude’ or ‘Longitude’ boxes being left blank, a 
modal message window will appear to warn the user that one of these values is missing. 
The user cannot continue until this message has been dismissed by clicking on its ‘OK’ 
button. The interface can be closed by clicking its ‘Close’ button and answering ‘Yes’ 
to the confirm dialog that appears. Most controls in the interface have associated with
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them a textual hint on their use, called a ‘tooltip’, that appears when the mouse pointer 
is allowed to hover above the control.
8.3 Further development
The method described in Section 8.2.1 represents an approach to the problem of deter­
mining whether the level of ionisation in the near-space plasma lies within acceptable 
limits for the user. The first stage in refining this method would be to test the validity 
of the assumptions made in Section 8.2.1 and, if necessary, change the interface code 
to accommodate this. For example, a “caution” level could be added by setting an 
intermediate threshold. Further discussions with BAE Systems will be necessary to 
determine any other requirements of the user interface, although there appear to be 
security constraints that would limit the amount of detail that they could provide.
Default values and parameters could be set in a configuration file that would be ac­
cessible only to an expert operator. Access control will be easily achieved in a Unix 
environment using the standard Unix file attributes. Other external files could include 
a “last state” file. On closure of the interface, the last state, i.e. the date, time and 
position would be saved to the “last state” file. On the next startup, these values would 
be loaded into the interface and would be immediately accessible to the user.
In future, an advanced MIDAS interface, aimed at the fully expert user, would be 
developed that would permit comprehensive setting of all reconstruction parameters 
and data sources. This would, however, require extensive consultation with the user 
community and is beyond the scope of this project.
8.4 Summary
In this chapter, a solution to the problem of presenting inversion data to users has been 
considered. Graphical User Interfaces (GUIs) in general were discussed, and the reasons 
for providing one for the MIDAS program were presented. In its current form, MIDAS 
retains a command-line style of interface that requires users to know a set of arcane 
commands that are entered using the keyboard. To use MIDAS effectively requires an 
understanding of the inversion algorithm and familiarity with Matlab programming. 
There exists a danger that incorrect entry of inversion parameters would cause the 
software either to terminate abnormally or to produce meaningless results, and for 
the user to be unaware that the results are meaningless. Thus two different classes of
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user were identified, who were referred to as ‘expert’ and ‘non-expert’. The interface 
described in this Chapter is designed to provide non-expert users with an intuitive way 
of interacting with the program and an easily understood indication of the level of 
ionisation in the ionosphere.
A working prototype interface, termed ‘Basic’ and intended for ‘non-expert’ users, was 
produced. Instead of giving a numerical value of TEC, it uses a moving block to 
indicate seven discrete levels of TEC ranging from ‘very low’ to ‘very high’. The levels 
are determined from the statistics of the preceding 30 days, and assume that the short­
term seasonal variability of the ionosphere is linear over this period. An example of 
a basic style of interface was then presented, and an explanation of its use was given. 




Conclusions and Future Work
9.1 Conclusions
When this research project was commenced, a new technique for imaging the electron 
density in the ionosphere had already been introduced by Spencer and Mitchell (2001). 
Using GPS dual-frequency data, which has been readily available since about 1995, the 
new technique can be used to image large areas of the ionosphere at low resolution. It 
can give an overview of large-scale gradients and convection cells. The global extents 
and time evolution of ionospheric storms can also be studied using the technique. 
Although this new technique had been developed and tested on experimental GPS 
data, it was largely untested and had not been focussed onto any specific applications. 
The purpose of the work here was to:
1. verify the technique by simulation.
2. quantify the advantages of the new technique over existing methods
3. verify the use of the technique in an experimental case.
The imaging was limited to the European region for a number of reasons. Firstly, 
ground-based GPS instrumentation is distributed over the land masses, and the con­
tinental European region is particularly well provided with suitable instrumentation. 
Secondly, a requirement of the industrial sponsor was for ionospheric specification over 
the European region. Thirdly, the EISCAT radar is situated in northern Europe, and 
this instrument was ideal for providing independent verification in the experimental 
environment.
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An initial feasibility study was presented, in which the new full inversion technique was 
compared to the established thin shell method. The results of applying the two tech­
niques were quantified by determining the improvements in ionospheric delay correction 
for two fictitious single-frequency GPS users, located on mainland Europe in Hamburg 
and Milan. It was found that the new technique yielded line of sight ionospheric delays 
with errors consistently less than those found using the established thin shell method.
A more extensive simulation study was presented, which was designed to verify the 
accuracy of the new technique. The ionosphere in the simulation study was based on 
the IRI-95 model, and actual satellite and receiver geometries were used. The study 
showed that vertical TEC errors resulting from the full MIDAS inversion were less than 
15%. In contrast, the largest errors resulting from the established thin shell method 
could be as high as 90%. Generally, a threefold improvement was found when using 
the full inversion technique, in comparison to the thin shell. The simulation study also 
revealed that the full inversion was able to reproduce small-scale horizontal ionospheric 
structures, whereas the thin shell tended to smooth them out.
When using real data, it is more difficult to quantify the errors since there is no truth 
ionosphere with which to make comparisons. To deal with this, two different approaches 
to quantify the slant TEC error were adopted. The first was to use the differential code 
method of determining slant TEC along each individual satellite-to-receiver path and 
to correct these for the inter-frequency biases. These estimates of slant TEC were then 
taken as true measurements the ionosphere, and were compared to the corresponding 
integrations through the MIDAS images in order to evaluate the image accuracy. This 
approach yielded estimated slant TEC errors through the MIDAS images in the order 
of 0.3 TECu.
The second approach to evaluating the new technique made use of a known quality 
of the inter-frequency biases, namely their stability. Each individual MIDAS inversion 
used one hour of data, and the residuals between the initial differential code observa­
tions and the corresponding paths through frames of the MIDAS image is an instanta­
neous measure of the combined satellite-to-receiver inter-frequency bias. If this measure 
of the inter-frequency bias were to remain constant hour by hour, then the implication 
is that the MIDAS images of TEC are correct. In other words, the error in TEC maps 
directly into the error in the inter-frequency bias. This measure was exploited to make 
a comparison experimentally between the established thin shell method and the new 
MIDAS inversion technique. It was found that in all cases the full inversion was either 
equivalent to, or better than, the thin shell by this metric. The greatest improvements 
were found at higher latitudes where stronger horizontal gradients in TEC are found. 
This was consistent with the results of the simulation study, wherein the thin shell had 
been shown artificially to smooth the horizontal structures.
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The verification of the technique in terms of the spatial distribution of the electron 
density was accomplished using the EISCAT radar. During January 2002 a special 
meridional scanning experiment was carried out using the radar, and observed the 
main trough. This feature was seen to migrate south over successive scans. The 
MIDAS inversion was able to provide images which compared well with the EISCAT 
results. The main trough was clearly visible in each of the MIDAS results. Much 
smaller features were visible in the radar data, but it was not possible to verify whether 
these were below the resolution of the MIDAS technique. For the present experimental 
configuration, the MIDAS technique is not limited in resolution by the inversion itself, 
but rather by the density of observation data in Northern Scandinavia. In principle, 
the MIDAS inversion is capable of imaging structures down to those scales previously 
reported by other researchers. See, for example, Mitchell et al. (1997) and Biswas and 
Na (2000).
At this stage the MIDAS software was still under development and consequently was 
not suitable for routine operational use. However, since the method had been tested 
and developed to a point where it could be automated, the technique could be used for 
routine ionospheric monitoring by a non-expert user through a graphical user interface. 
Discussions with the industrial sponsor guided the requirements for the prototype in­
terface, which is shown in Figure 8.2. The requirements agreed upon were, simply, to 
classify the TEC at a given location in Europe at a specified time on a particular day. 
The classification used consisted of 7 bands relating to the standard deviation of the 
TEC in comparison to the de-trended TEC for the previous 30 days at that particular 
time of day. This would tell the user whether the TEC was anomalously low or high, 
and could be used as a diagnostic for possible problems with HF instrumentation.
9.2 Future work
Plans for future work involve the development of an effective method of ionospheric 
forecasting using the MIDAS images. The most challenging part is to predict iono­
spheric storm activity.
The MIDAS algorithm is already being applied in pure scientific studies of the iono­
sphere. In particular, GPS imaging is the only method whereby large regions of the 
ionosphere can be viewed continuously to study ionospheric storms. Other work fo­
cuses on the relationships between the large-scale TEC and small-scale ionospheric 
irregularities causing both phase and amplitude scintillation.
This research project has shown that the thin shell method of TEC mapping does not
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cope well with strong horizontal TEC gradients. WAAS and similar aircraft navigation 
projects make use of the thin shell method. A particular problem confronting the de­
velopment of a wide-area ionospheric correction system in the vicinity of the equatorial 
anomaly (that is, over South America) is that the horizontal gradients can be very 
strong. Similarly, in high latitude regions large TEC gradients and high variability can 
be encountered. Work is planned that will seek to apply the new imaging technique in 
regions such as these.
In summary, this research has brought the technique forward from being a largely 
untested method to the point at which it could be used and relied upon operationally 
for non safety critical applications.
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M aps of vertical TEC
In this appendix, a complete set of vertical TEC maps for each hour of the 25-day data 
set is presented. These TEC maps have been constructed from inversions of real sTEC 
measurements through the ionosphere. The same colour range is used for all maps to 
facilitate visual comparison. The images progress in time from left to right, starting 
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Figure A.l: Hourly vertical TEC maps for
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Figure A.2: Hourly vertical TEC maps for 24 January 2001. Hours progress from 00
UT at top left to 23 UT at bottom right.
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Figure A.3: Hourly vertical TEC maps for 04 February 2001. Hours progress from 00
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Figure A.4: Hourly vertical TEC maps for 13 February 2001. Hours progress from 00
UT at top left to 23 UT at bottom right.
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Figure A.5: Hourly vertical TEC maps for 16 March 2001. Hours progress from 00 UT
at top left to 23 UT at bottom right.
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Figure A.6: Hourly vertical TEC maps for 28 March 2001. Hours progress from 00 UT
at top left to 23 UT at bottom right.
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Figure A.7: Hourly vertical TEC maps for 11 April 2001. Hours progress from 00 UT
at top left to 23 UT at bottom right.
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Figure A.8: Hourly vertical TEC maps for 30 April 2001. Hours progress from 00 UT
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Figure A.9: Hourly vertical TEC maps for 06 May 2001. Hours progress from 00 UT
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Figure A.11: Hourly vertical TEC maps for 31 May 2001. Hours progress from 00 UT
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Figure A. 12: Hourly vertical TEC maps for







50 60 70 80
June 2001. Hours progress from 00 UT
1 57
^ i i i  i --------------- 1----------------------1--------------------- 1----------------------1---------------------t —I________J________ l________ I________ I________ l________ I-------------1------
0 10 20 30 40 50 60 70 80
Figure A. 13: Hourly vertical TEC maps for 28 June 2001. Hours progress from 00 UT
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Figure A. 15: Hourly vertical TEC maps for 25 July 2001. Hours progress from 00 UT
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Figure A. 16: Hourly vertical TEC maps for
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Figure A. 17: Hourly vertical TEC maps for 24 August 2001. Hours progress from 00
UT at top left to 23 UT at bottom right.
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Figure A. 18: Hourly vertical TEC maps for 07 September 2001. Hours progress from
00 UT at top left to 23 UT at bottom right.
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Figure A. 19: Hourly vertical TEC maps for 23 September 2001. Hours progress from
00 UT at top left to 23 UT at bottom right.
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Figure A.20: Hourly vertical TEC maps for 07 October 2001. Hours progress from 00
UT at top left to 23 UT at bottom right.
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Figure A.21: Hourly vertical TEC maps for 22 October 2001. Hours progress from 00
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Figure A.22: Hourly vertical TEC maps for 06 November 2001. Hours progress
00 UT at top left to 23 UT at bottom right.
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Figure A.23: Hourly vertical TEC maps for 27 November 2001. Hours progress from
00 UT at top left to 23 UT at bottom right.
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Figure A.24: Hourly vertical TEC maps for 09 December 2001. Hours progress from
00 UT at top left to 23 UT at bottom right.
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Figure A.25: Hourly vertical TEC maps for 24 December 2001. Hours progress from
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